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Devwudfw

,Q WKH SVHXGRGLnHUHQWLDO FDOFXOXV RQ PDQLIROGV ZLWK VLQJXODULWLHV WKHUH DSSHDU RS�

HUDWRUV LQ WHUPV RI )RXULHU DQG 0HOOLQ WUDQVIRUPV� 7KLV JLYHV ULVH WR DEVWUDFW )RXULHU�

/DSODFH WUDQVIRUPV� :H GHVFULEH SVHXGRGLnHUHQWLDO RSHUDWRUV DQG 6REROHY VSDFHV ZLWK

UHVSHFW WR VXFK WUDQVIRUPV� ,W LV LQGLFDWHG KRZ WKHVH WHFKQLTXHV PD\ EH XVHG WR JHW

DQ LQGH[ IRUPXOD RQ PDQLIROGV ZLWK RQH�SRLQW VLQJXODULWLHV�

Nh| zrugv dqg skudvhv= )RXULHU�/DSODFH WUDQVIRUP� SVHXGRGLnHUHQWLDO RSHUDWRUV�

LQGH[�

DPV vxemhfw fodvvl�fdwlrq= SULPDU\� ��6��� VHFRQGDU\� ��(��� ��*���

W?|hL_�U|�L?

Wkh frqfhsw ri wkh frql�fdwlrq ri dq rshudwru dojheud zdv lqwurgxfhg lq
Vfkxo}h ^Vfk<4`1 Lw dssolhg hduolhu uhvxowv ri ^Vfk<3`1 Urxjko| vshdnlqj/ wkh
frql�fdwlrq lv d svhxgrgl�huhqwldo fdofxoxv dorqj wkh frqh d{lv �Un/ edvhg
rq wkh Phoolq wudqvirup/ zlwk rshudwru0ydoxhg v|perov wdnlqj wkhlu ydoxhv
lq wkh jlyhq rshudwru dojheud1 Wkh hvvhqwldo nh| zrugv lq wklv frqwh{w duh
Ixfkv0w|sh rshudwruv/ frqrupdo v|perov/ Phoolq txdqwl}dwlrq/ nhuqho fxw0
r�/ phurprusklf rshudwru ixqfwlrqv/ zhljkwhg frqh Vrerohy vsdfhv/ glvfuhwh
dqg frqwlqxrxv dv|pswrwlfv/ Juhhq rshudwruv1 Lq sduwlfxodu/ jlyhq d forvhg
frpsdfw pdqlirog [/ wkh frql�fdwlrq ri wkh dojheud ri svhxgrgl�huhqwldo
rshudwruv rq [ jlyhv ulvh wr d frqh dojheud rq wkh vwuhwfkhg frqh F @
�Un �[ 1

Ohw xv frpphqw lq wklv frqqhfwlrq rq wkh uroh ri wkh Phoolq wudqvirup
zklfk lv wkh uhohydqw lqwhjudo wudqvirup khuh/ zkhqhyhu d qhz frqh d{lv
�Un 6 w dsshduv1 Zh frxog dozd|v vxevwlwxwh wkh gl�hrprusklvp u @ orj w ri

�5�TTLh|i_ M) |�i #i�|tU�i 6LhtU��?}t}i4i�?tU�@u|�
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Un $ U dqg sdvv wr wkh Irxulhu wudqvirup lq wkh qhz frruglqdwh1 Krzhyhu
lq wkh ruljlqdo w0yduldeoh wkh fdofxoxv qhhgv wkh Phoolq dqg wkh Irxulhu
wudqvirup dw wkh vdph wlph1 Wkh olqn ehwzhhq wkh Phoolq dqg wkh Irxulhu
ghvfulswlrq ri rshudwruv e| phdqv ri Phoolq rshudwru frqyhqwlrqv ehorqjv wr
wkh hvvhqwldo whfkqlfdo srlqwv ri wkh fdofxoxv1 Wkxv/ wkh frruglqdwh fkdqjh
e| u @ orj w zrxog ghvwur| wklv uhodwlrq/ dqg lw vhhpv lq idfw pxfk pruh
qdwxudo wr hpsor| wkh Phoolq wudqvirup lq lwv fodvvlfdo irup/ wkrxjk wkh
hohphqwv ri wkh Phoolq svhxgrgl�huhqwldo fdofxoxv kdyh wr eh hvwdeolvkhg
dqg dffhswhg dv d wrro1

Wkh dgydqwdjh ri xvlqj wkh Phoolq wudqvirup lq wkh dqdo|vlv rq pdql0
irogv zlwk frqlfdo vlqjxodulwlhv olhv lq wkh idfw wkdw lw _txdqwl}hv% wkh frydul0
deoh } dv wkh Ixfkv0w|sh ghulydwlyh �w g@gw zklfk lv wkh rqo| fkdudfwhulvwlf
frpsrqhqw lq d orfdo edvlv ri yhfwru �hogv dw wkh vlqjxodu srlqw1 Wkh edvlf
jhrphwulf lqjuhglhqw lv wkh _jhup% ri wkh gl�hrprusklvp w :$ orj w dw w @ 3
+ru/ pruh suhflvho|/ wkh ehkdylru ri wklv gl�hrprusklvp lq dq lq�qlwhvlpdo
lqwhuydo +3> %,/ zkhuh % A 3,1

Pruh jhqhudoo|/ frqvlghu dq duelwudu| gl�hrprusklvp u @ �+w, ri wkh
kdoi0d{lv W @ Un rqwr wkh zkroh d{lv U/ zlwk ��+w, A 3 iru w 5 W 1 Zh dvvr0
fldwh wr � dq lvrprusklvp 8 = O2+W> gp, $ O2+U,/ zkhuh gp @ 5� ��+w, gw/
e| fkdqjlqj wkh yduldeoh lq wkh Irxulhu wudqvirup1 Wkhq/ zh vwxg| wkh
lqwhjudo wudqvirup 8 iru frpsoh{ ydoxhv ri wkh fryduldeoh/ wrr1

Vlplodu frqvlghudwlrqv dsso| wr wkh pxowlglphqvlrqdo fdvh surylghg wkdw
wkh pdsslqj � xqghu frqvlghudwlrq grhv qrw pl{ xs wkh yduldeohv1

Wkh lqwhjudo wudqvirup vr rewdlqhg lv hdvlo| yhul�hg wr _txdqwl}h% wkh
fryduldeoh } dv wkh ghulydwlyh ( @ �

B�E|�
�
�
g@gw zklfk nhhsv dq lqirupdwlrq

rq wkh jhrphwulf qdwxuh ri wkh vlqjxodu srlqw lq txhvwlrq yld wkh _jhup%
ri wkh gl�hrprusklvp w :$ �+w, dw w @ 31 Lw lv wkhuhiruh wr eh h{shfwhg
wkdw 8 lv wkh uhohydqw lqwhjudo wudqvirup lq wkh dqdo|vlv rq pdqlirogv zlwk
rqh0srlqw vlqjxodulwlhv/ vxfk dv _frqlfdo srlqwv%/ srzhu0olnh dqg h{srqhqwldo
_fxvsv%/ hwf1

Lq wkh olwhudwxuh wkhuh h{lvwv d qxpehu ri gluhfwlrqv vwxg|lqj wkh dqdo|vlv
rq pdqlirogv zlwk rqh0srlqw vlqjxodulwlhv xqghu gl�huhqw dvshfwv +fi1/ lq
sduwlfxodu/ Sodphqhyvnll ^Sod;<`/ Ohyhqgruvnll ^Ohy<6`/ Pd}*|d/ Nr}ory dqg
Urvvpdqq ^PNU<:`/ hw do1,1 Phourvh dqg Qlvwru ^PQ<9` gh�qhg d _fxvs%
fdofxoxv rq d pdqlirog zlwk erxqgdu| e| xvh ri eorz xs whfkqltxhv1 Wkh|
ghvfulehg wkh Krfkvfklog krprorj| ri wklv dojheud dqg ydulrxv ri lwv lghdov
dqg vr ghgxfhg d svhxgrgl�huhqwldo jhqhudol}dwlrq ri wkh Dwl|dk0Sdwrgl0
Vlqjhu Lqgh{ Wkhruhp1 Zh dovr phqwlrq wkh sdshu ri Vfkxo}h/ Vwhuqlq dqg
Vkdwdory ^VVV<9` zkhuh dq rshudwru dojheud rq pdqlirogv zlwk srzhu0olnh
fxvsv lv frqvwuxfwhg e| xvh ri qrq0frppxwdwlyh dqdo|vlv1

Wkh dlp ri wkh suhvhqw zrun lv wr ghyhors wkh fdofxoxv ri svhxgrgl�hu0
hqwldo rshudwruv rq d pdqlirog zlwk rqh0srlqw vlqjxodulwlhv e| xvh ri wkh
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lqwhjudo wudqvirup 8 1 Wkxv/ rxu dssurdfk lv vlplodu lq vslulw wr wkh frqh
fdofxoxv ri ^Vfk<4`1

Zh zloo uhvwulfw rxu dwwhqwlrq wr wkh orfdo dojheud dw d vlqjxodu srlqw/
iru zh xvh wkh vwdqgdug svhxgrgl�huhqwldo rshudwruv dzd| iurp wkh vlqjx0
odulw|1 Lq wklv vlwxdwlrq/ zh lqwurgxfh wkh qrwlrq ri hoolswlflw| dqg hvwdeolvk
wkh Iuhgkrop surshuw| ri hoolswlf rshudwruv1 Zh wkhq dsso| Ihgrvry*v whfk0
qltxhv wr ghulyh dq lqgh{ irupxod iru hoolswlf rshudwruv ri rughu }hur +fi1
Ihgrvry dqg Vfkxo}h ^IV<9`,1

� �Mt|h@U| 6L�h�ih�w@T*@Ui Ah@?tuLh4

��� 6L�h�ih |h@?tuLh4

Xqwlo ixuwkhu qrwlfh zh dvvxph wkdw W @ +d> e, lv dq duelwudu| lqwhuydo lq
wkh uhdo d{lv dqg u @ �+w, lv d gl�hrprusklvp ri W rqwr U1 Wr eh vshfl�f/
frqvlghu wkh fdvh zkhuh ��+w, A 3 iru w 5 W 1

Lw lv hdv| wr vhh wkdw/ jlyhq dq| x> y 5 F"

SJ6R+W ,/ zh kdyh

�
x � �3�> y � �3�

�
u2E5�

@
4

5�
+x> y,u2EAc_6� > +41414,

zkhuh gp +w, @ 5� m��+w,m gw1 Khqfh lw iroorzv wkdw x � �3� lv ri fodvv O2+U,/
iru dq| x 5 O2+W> gp,1

Wkxv/ zh pd| gh�qh wkh Irxulhu wudqvirup rq O2+W> gp, +ghqrwhg e|
8 lq frqwudvw wr wkh xvxdo Irxulhu wudqvirup I, vr dv wr pdnh wkh iroorzlqj
gldjudp frppxwdwlyh=

O2+W> gp,BB|+B3�,�t | ) 8

O2+U,
5$ O2+U,=

Lq rwkhu zrugv/

8x +�, @

]
5

h3��o x
�
�3�+u,

�
gu

@
4

5�

]
A

h3��BE|� x+w, gp +w,> � 5 U>

iru dq| x 5 O2+W> gp,1
Wkh pdlq surshuw| ri wkh Irxulhu wudqvirup vr gh�qhg lv wkdw Sduvhydo*v

irupxod uhpdlqv ydolg1
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Ohppd 41414 Li x> y 5 O2+W> gp,/ wkhq

+8x>8 y,
u2E5� @ +x> y,u2EAc_6� =

Surri1 Lqghhg/ dsso|lqj Sduvhydo*v irupxod |lhogv

+8x>8 y,u2E5� @ 5�
�
x � �3�> y � �3�

�
u2E5�

>

zklfk jlyhv wkh ghvluhg frqfoxvlrq zkhq frpelqhg zlwk +41414,1

�
Kluvfkpdqq ^Klu<3` gh�qhv uhjxodu 8 0wudqvirupv rq O2+W> gp, e| uh0

txlulqj wkh Sduvhydo irupxod dv zhoo dv 6 pruh surshuwlhv wr krog1 Wkhq/ kh
suryhv wkdw dq| uhjxodu 8 0wudqvirup lv ri wkh irup 8 @ I � ��3��W/ zlwk �
d gl�hrprusklvp ri W $ U1

��2 6L�h�ih�w@T*@Ui |h@?tuLh4

Li x 5 H �+W ,/ wkhq 8x +�, lv dovr zhoo0gh�qhg iru hyhu| frpsoh{ ydoxh � 5
F1 Lq wklv zd| zh rewdlq zkdw zloo eh uhihuuhg wr dv wkh Irxulhu0Odsodfh
wudqvirup1 Qdpho|/

8x +}, @
4

5�

]
A

h3�5BE|� x+w, gp +w,

@ 8
�
hvBE|�x

�
+�,> } @ � . l 5 F> +41514,

zkhuh zh �uvw dvvxph x 5 F"

SJ6R+W ,1

Reylrxvo|/ 8x +}, lv dq hqwluh ixqfwlrq lq wkh frpsoh{ sodqh dqg wkh
uhvwulfwlrq ri 8x +}, wr wkh uhdo d{lv frlqflghv zlwk wkh Irxulhu wudqvirup
ri x +l1h1/ 8x +�,,1

Jlyhq d � 5 U/ vhw �� @ i} 5 F = lp } @ �j dqg frqvlghu wkh _zhljkwhg
Irxulhu wudqvirup% 8 �x @ 8x mK� 1

Ohppd 41514 Iru dq| � 5 U/ wkh wudqvirup 8 � h{whqgv e| frqwlqxlw|
wr d xqlwdu| lvrprusklvp

8 � = O2+W> h2�Bgp,
;'$ O2+��,= +41515,

Surri1 Li x 5 F"SJ6R+W ,/ wkhq

vxs
5MK�

+4 . m}m,� m8 �x +},m ? 4

5:



DPL Yro16/ 4<<;Qr14/4<<< E Vfkxo}h/ Q1 Q1 Wdunkdqry .

iru doo Q @ 3> 4> = = =1 Qrz/ dsso|lqj Ohppd 41414 jlyhv

+8 �x>8 �y,u2EK�� @
�
8 +h�Bx,>8 +h�By,

�
u2E5�

@
�
h�Bx> h�By

�
u2EAc_6�

@ +x> y,u2EAce2�B_6�

zkhqhyhu x> y 5 F"SJ6R+W ,1 Khqfh +41515, lv dq hdv| frqvhtxhqfh ri wkh
uhodwlrq ehwzhhq 8 dqg wkh Irxulhu wudqvirup rq U yld wkh vxevwlwxwlrq
u @ �+w,1

�

��� W?�iht�L? uLh4�*@

Wkh iroorzlqj lv dfwxdoo| dq htxlydohqw irupxodwlrq ri wkh Irxulhu lqyhuvlrq
irupxod1

Ohppd 41614 Wkh lqyhuvh ri +41515, lv jlyhq e| wkh irupxod

83�� i +w, @
4

5�

]
K�

h�BE|�5 i+}, g}=

Surri1 Lqghhg/ jlyhq dq| x 5 O2+W> h2�Bgp,/ zh kdyh

8 �x +� . l�, @ 8 |p<�

�
h�Bx

�
@ Io p<�

�
h�o x+�3�+u,,

�
>

zkhqfh e| Irxulhu*v lqyhuvlrq irupxod

83�� +8 �x, +w,

@ h3�BE|� 4

5�

]
5

h�BE|��Io p<�

�
h�ox+�3�+u,,

�
g�

@ x=

Wklv suryhv wkh ohppd1
�

��e �hLTih|�it

Wkh Irxulhu0Odsodfh wudqvirup rq O2+W> gp, lv uhodwhg wr wkh ghulydwlyh

( @
4

��+w,

4

l
g@gw

lq wkh vdph pdqqhu dv wkh xvxdo Irxulhu0Odsodfh wudqvirup wr wkh ghulydwlyh
G @ �

�
g@gw1

5;
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Ohppd 41714 Iru dq| x 5 F"SJ6R+W ,/ lw iroorzv wkdw

8 +(x, +}, @ } 8x +},=

Surri1 Lqghhg/ lqwhjudwlqj e| sduwv |lhogv

8 |p<5 +(x, @

]
A

h3�5BE|�
�

4

��+w,
G|x

�
m��+w,mgw

@ vjq +��,

]
A

�
�G| h

3�5BE|�
�
x gw

@ } 8 |p<5+x,>

dv ghvluhg1
�

Lw lv wkhuhiruh wr eh h{shfwhg wkdw wkh Irxulhu0Odsodfh wudqvirup 8 zloo
suryh wr eh xvhixo e| vwxg|lqj _wrwdoo| fkdudfwhulvwlf% gl�huhqwldo rshudwruv/
l1h1/ wkrvh ri wkh irup D @

S6
�'f D�+w,(

� zlwk D�+w, vprrwk ixqfwlrqv rq
W 1

\hw dqrwkhu edvlf surshuw| ri wkh Irxulhu0Odsodfh wudqvirup lv wkdw
pxowlsolfdwlrq ri x e| wkh zhljkw ixqfwlrq h�BE|� lv lqwhusuhwhg xqghu +41514,
dv wkh glvsodfhphqw ri wkh uhihuhqfh olqh e| l�1

Ohppd 41715 Iru dq| � 5 U/ zh kdyh

8 +h�Bx, +}, @ 8 +x, +} . l�,> } 5 F=

Surri1 Lqghhg/

8 +h�Bx, +}, @

]
A

h3�5BE|�
�
h�BE|�x+w,

�
gp +w,

@ 8 +x, +} . l�,>

dv ghvluhg1
�

��D 5LML*i� tT@Uit

Zh zdqw wr gh�qh zhljkwhg Vrerohy vsdfhv ri ixqfwlrqv rq W / edvhg rq wkh
Irxulhu0Odsodfh wudqvirup1 Ohppdv 41714 dqg 41715 vkhgv vrph oljkw rq
krz zh kdyh wr ehjlq zlwk1

Gh�qlwlrq 41814 Ohw v 5 ]n dqg � 5 U1 Ghqrwh e| Krc�+ �W , wkh vhw ri
doo glvwulexwlrqv x rq W zkrvh ghulydwlyhv xs wr rughu v duh orfdoo| lqwhjudeoh
zlwk uhvshfw wr wkh phdvxuh gp dqg vdwlvi|

nxnGrc�E 7A � =@

3
C]

A

h32�BE|�
r[

�'f

��(�x+w,
��2 gp

4
D

�

2

? 4=

5<
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Iru lqwhjhu v ? 3/ zh frxog gh�qh wkh vsdfh Krc�+ �W , e| gxdolw| dqg
wkhq/ iru iudfwlrqdo v/ e| frpsoh{ lqwhusrodwlrq1 Krzhyhu zh ghulyh d gluhfw
ghvfulswlrq ri wkh vsdfh Krc�+ �W , vr rewdlqhg/ iurp wkh iroorzlqj ohppd1

Ohppd 41815 Vxssrvh v 5 ]n1 Wkhq

nxnGrc�E 7A � �
#]

K
3�

�
4 . m}m2�r m8x +},m2g}

$ �

2

> x 5 Krc�+ �W ,>

zkhuh wkh htxlydohqfh ri wzr qrupv phdqv wkdw wkhlu udwlr lv erxqghg xql0
irupo| lq x erwk iurp ehorz dqg deryh e| srvlwlyh frqvwdqwv1

Surri1 Iru wkh surri/ zh uhzulwh wkh qrup n � n2
Grc�E 7A �

e| xvlqj wkh

Irxulhu0Odsodfh wudqvirup1 Qdpho|/ Ohppdv 41514 dqg 41714 lpso|

nxn2
Grc�E 7A � @

r[
�'f

]
A

��(�x+w,
��2 h32�BE|� gp

@
r[

�'f

]
K
3�

��8 |<5(
�x
��2 g}

@
r[

�'f

]
K
3�

��}� 8 |p<5x
��2 g}=

Vlqfh
4

v$

�
4 . m}m2�r � r[

�'f

��}���2 � �
4 . m}m2�r >

zh frqfoxgh wkdw

4

v$

]
K
3�

�
4 . m}m2�r m8x +},m2 g} � nxn2

Grc�E 7A � �
]
K
3�

�
4 . m}m2�r m8x +},m2 g}=

Wklv lv suhflvho| wkh dvvhuwlrq ri wkh ohppd1
�

Vlqfh u @ �+w, lv d prqrwrqh ixqfwlrq/ wkhuh lv qr hpehgglqjKr��c���+ �W , /$
Kr�c��+ �W , iru v� � v��/ � � � ���1 Krzhyhu/ zh jhw dq hpehgglqj wkhruhp li
zh fxw r� wkh ixqfwlrqv lq txhvwlrq dw rqh ri wkh erxqgv ri W 1

Ohppd 41816 Ohw u @ �+w, eh d prqrwrqh lqfuhdvlqj pdsslqj ri dq
lqwhuydo W @ +d> e, rqwr U dqg ohw $ 5 F",JS+W , eh htxdo wr 4 forvh wr d dqg
3 forvh wr e1 Wkhq/

$ Kr��c���

+ �W , /$ Kr�c��

+ �W ,

iru doo v� � v��/ � � � ���1
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!

�

41338133474133781335

u

w

u @ orj w

u @ w

Ilj1 414= Wkh judsk ri u @ �+w,1

Surri1 Wkh surri lv vwudljkwiruzdug1

�
Wkh iroorzlqj h{dpsoh zdv lqwhqghg dv dq dwwhpsw wr ghvfuleh wkh

zhljkwhg Vrerohy vsdfhv Krc�+ �W�[, ri Vfkxo}h ^Vfk<4` lq whupv ri d joredo
lqwhjudo wudqvirup1

H{dpsoh 41817 Li W @ Un dqg �+w, @ orj w/ wkhq

8x +}, @

]
"

f

w3�5 x+w,
gw

w

@ Px +�l},> } 5 F>

P ehlqj wkh Phoolq wudqvirup1 Wkh fruuhvsrqglqj vsdfhv Krc�+�Un, kdyh
suryhg wr eh h{wuhpho| xvhixo lq wkh frqh wkhru| +fi1 Vfkxo}h ^Vfk<4`,1

Rq wkh rwkhu kdqg/ li W @ U dqg �+w, @ w/ wkhq 8 @ I lv wkh xvxdo
Irxulhu0Odsodfh wudqvirup rq wkh olqh1 Wkhq/ Krcf+U, duh wkh fodvvlfdo
Vrerohy vsdfhv1

Zh qrz frpelqh wkhvh h{dpsohv e| frqvlghulqj d gl�hrprusklvp u @
�+w, ri Un $ U/ vxfk wkdw

�+w, @

�
orj w forvh wr w @ 3>
w forvh wr w @ 4>

vhh Ilj1 4141

Wkhq/Krcf+Un, duh lvrprusklf +dv qruphg vsdfhv, wr wkh vsdfhvKrcf+�Un,
zlgho| xvhg lq wkh frqh wkhru| +fi1 Vfkxo}h ^Vfk<4`,1

�
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��S �ti�_L_�gihi?|�@* LTih@|Lht

Ohppdv 41514 dqg 41714 lpso| wkdw 8( @ } 8 / gh�qhg/ iru lqvwdqfh/ rq
ixqfwlrqv x 5 O2+W> gp, zlwk (x 5 O2+W>p,1 Wklv ohdgv wr wkh qrwlrq ri
svhxgrgl�huhqwldo rshudwruv zlwk uhvshfw wr wkh wudqvirup 8 yld

rs8c�+d, x +w, @ +8
3�,

3�
5 p<| 8 |� p<5

�
d+w> w�> },x+w�,

�
@

4

+5�,2

]
K3�

g}

]
A

h�EBE|�3BE|
���5 d+w> w�> },x+w�, gp+w�,> +41914,

zkhuh d 5 F",JS+W � W � �3�, +vhh Kluvfkpdqq ^Klu<3`,1
Li d+w> w�> }, lv lqghshqghqw ri w�/ wkhq wklv uhgxfhv wr

rs8c�+d,x +w, @ +83�,
3�
5 p<| d+w> },8 |p<5x> iru x 5 F"SJ6R+W ,=

2 ,*i4i?|t Lu �ti�_L_�gihi?|�@* �@*U�*�t

2�� A�i w@T*@Ui��i*|h@4� LTih@|Lh L? @ 4@?�uL*_ ��|� U�tTt

Frqvlghu wkh vxuidfh

V @ i} @ +}�> }2> }�, = i+}�, @
t
}2� . }22> }� � 3j

lq U
� zklfk lv rewdlqhg e| uhyroylqj wkh fxuyh }� @ i+}�, durxqg wkh d{lv

R}�1
Zh dvvxph wkdw i = Un $ Un lv d srvlwlyh F" ixqfwlrq rq wkh kdoi0

olqh Un/ zlwk i+3., @ 31 Wkhq V kdv d vlqjxodulw| dw wkh ruljlq xqohvv
i �+3., @ 41 Zh zloo uhvwulfw rxu glvfxvvlrq wr wkh fdvh ri vlqjxodu srlqwv
e| uhtxlulqj

U |f
f

_w
sEw� wr eh lq�qlwh +vhh Ilj1 514,1

Lq sduwlfxodu/ li i+w, @ wR/ s � 4/ wkhq wkh ruljlq lv d frqlfdo srlqw/ li
s @ 4/ dqg d fxvs/ li s A 41

Ohw xv sdudphwul}h wkh vxuidfh e|;?
=

}� @ i+w, frv!>
}2 @ i+w, vlq!>
}� @ w>

zkhuh ! uxqv ryhu ^3> 5�, dqg w 5 ^3>4,1
Wkhq/ wkh Ulhpdqqldq phwulf rq wkh vprrwk sduw ri V lv jlyhq lq wkh

frruglqdwhv +w> !, e|

g}2� . g}22 . g}2� @
�
4 . +i �+w,,2

�
gw2 . +i+w,,2 g!2
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�

}�

!

????????????�

}2

i+}�, @
s
}2� . }22

}�4613348133446133681335

��

6613348133666133681337

Ilj1 514= D vxuidfh zlwk d vlqjxodu srlqw dw wkh ruljlq1

ru/ lq whqvru irup/

j @ +j��,�'�c2
�'�c2

@

�
4 . +i �+w,,2 3

3 +i+w,,2

�
=

Qrwh wkdw wklv phwulf lv ghjhqhudwh dw wkh vlqjxodu srlqw1

Ghqrwh e| � wkh Odsodfh0Ehowudpl rshudwru rq wkh vprrwk sduw ri V
zlwk uhvshfw wr wkh phwulf j1 Lq rughu wr frpsxwh �/ zh qrwh wkdw wkh
lqyhuvh ri wkh pdwul{ +j��, lv wkh pdwul{

�
j��

�
@

#
�

�nEs �E|��2 3

3 �
EsE|��2

$
=

Wkhq/ d wulyldo yhul�fdwlrq vkrzv wkdw wkh Odsodfh0Ehowudpl rshudwru lv
jlyhq lq wkh frruglqdwhv +w> !, dv

� @
4s
ghw j

2[
�c�'�

C�
s
ghw j j�� C�

@ j��C2� .
4s
ghw j

C�

�s
ghw j j��

�
C� . j22C22

@
4

j22

�
j22
j��

C2� .

u
j22
j��

�
C�

u
j22
j��

�
C� . C22

�
>

zkhuh C� @ C@Cw dqg C2 @ C@C!1
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Vlqfh

j22C
2
� @ +

s
j22C�,

2 � +C�
s
j22, +

s
j22C�, >u

j22
j��

�
C�

u
j22
j��

�
C� @

C
s
j22

j��
+
s
j22C�, .

u
j22
j��

�
C�

4s
j��

�
+
s
j22C�, >

zh pd| uhzulwh wklv dv

� @
4

j22

�
4

j��
+
s
j22C�,

2 .

u
j22
j��

�
C�

4s
j��

�
+
s
j22C�, . C22

�

@
4

+i+w,,2

�
4

4 . +i �+w,,2
+i+w, C@Cw,2 � i+w,i �+w,i ��+w,

+4 . +i �+w,,2,2
+i+w, C@Cw, . ��

�

zkhuh �� lv wkh Odsodfh0Ehowudpl rshudwru rq wkh xqlw flufoh +wkh furvv0
vhfwlrq ri V forvh wr wkh vlqjxodu srlqw,1

Zh kdyh wkxv duulyhg dw d wrwdoo| fkdudfwhulvwlf gl�huhqwldo rshudwru
uhodwhg wr wkh pdsslqj u @ �+w, ri Un $ U/ zkhuh

�+w, @

] |

|f

g�

i+�,

zlwk dq| �{hg wf A 31
Wkh lpsruwdqw srlqw wr qrwh khuh lv wkh irup ri �1 Qdpho|/ vlqfh

��+w, @ �
sE|� lv srvlwlyh iru doo w A 3/ lw iroorzv wkdw wkh ixqfwlrq u @ �+w, lv

prqrwrqlfdoo| lqfuhdvlqj dqg vr rqh0wr0rqh1 Krzhyhu/ wkh lpdjh ri Un e|
wklv ixqfwlrq pd| eh gl�huhqw iurp U1 Zkloh �+3, @

U f
|f

_w
sEw� @ �4/ wkh

fdvh ri srzhu0olnh fxvsv i+w, @ wR/ s A 4/ jlyhv �+w, @ �
�3R

�
�

|R3�
� �

|
R3�

f

�

dqg vr wkh lpdjh ri Un e| � lv

�
�4> �

R3�
�

|
R3�

f

�
1 Wkxv/ wkh Irxulhu0Odsodfh

wudqvirup ri Vhfwlrq 415 qhhgv pdnlqj pruh suhflvh wr dsso| lq wklv vlw0
xdwlrq1 Qdpho|/ zkdw lv phuho| lpsruwdqw iru xv lv wkh ehkdylru ri wkh
pdsslqj � forvh wr wkh vlqjxodu srlqw w @ 31 Wkxv/ zh pd| fruuhfw wkh
pdsslqj u @ �+w, dzd| iurp dq lq�qlwhvlpdo lqwhuydo +3> %,/ % A 3/ lq rughu
wr duulyh dw d gl�hrprusklvp u @ ��+w, ri wkh kdoi0d{lv Un rqwr wkh zkroh
d{lv U1

2�2 A)T�U@* _�gihi?|�@* LTih@|Lht L? 4@?�uL*_t ��|� t�?}�*@h TL�?|t

Zkhq eorzq xs/ d pdqlirog zlwk vlqjxodu srlqwv kdv orfdoo| wkh irup ri d
f|olqghu F @ �W � [ forvh wr d vlqjxodu srlqw/ zkhuh W @ Un dqg [ lv d
vprrwk frpsdfw pdqlirog ri glphqvlrq q zlwkrxw erxqgdu|1 Zh dovr fdoo
F wkh vwuhwfkhg frqh1 Pruhryhu/ wkh _sxvk0iruzdugv% ri wkh yhfwru �hogv rq
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�

u

u @
U |

|f

_w
sEw�

u @ ��+w,

!

66133531334661335:1335

w
%wf

Ilj1 515= D prgl�hg gl�hrprusklvp u @ ��+w,1

wkh pdqlirog/ zklfk ruljlqdwh zlwk wkh vlqjxodu srlqw/ vsolwv lqwr d wrwdoo|
fkdudfwhulvwlf ghulydwlyh ( @ �

B�E|�
�
�
g@gw dorqj wkh kdoi0d{lv W dqg vprrwk

yhfwru �hogv dorqj wkh edvh [1
Wkh orfdo dojheud ri svhxgrgl�huhqwldo rshudwruv forvh wr wkh vlqjxodu

srlqw lv frpsohwho| ghwhuplqhg e| wkh _jhup% ri u @ �+w, dw w @ 31 Rxu
edvlf dvvxpswlrq lv wkh iroorzlqj= wkh _jhup% ri � dw w @ 3 fdq eh uhsuh0
vhqwhg e| d vprrwk gl�hrprusklvp ri W rqwr U/ zlwk d srvlwlyh ghulydwlyh1
Zh frqwlqxh wr zulwh u @ �+w, iru wklv uhsuhvhqwdwlyh1

Fohduo|/ wkh irup ri u @ �+w, lq dq lq�qlwhvlpdo qhljkerukrrg ri w @ 3
ghshqgv rq wkh jhrphwulf qdwxuh ri wkh vlqjxodu srlqw lq txhvwlrq1 Lq
sduwlfxodu/ li �+w, @ orj w qhdu w @ 3/ wkhq wkh vlqjxodu srlqw lv d frqlfdo
srlqw1 Rq wkh rwkhu kdqg/ li �+w, @ �

�3R
�

|R3� forvh wr w @ 3/ zlwk s A 4/ wkhq

wkh vlqjxodu srlqw lv d srzhu0olnh fxvs1 \hw dqrwkhu fdvh lv �+w, @ �h �

| iru
w 5 +3> %,/ wkdw fruuhvsrqgv wr h{srqhqwldo fxvsv/ hwf1

E| wkh deryh vdlg/ zkhq frqvwuxfwlqj d orfdo dojheud forvh wr wkh vlq0
jxodu srlqw/ zh kdyh wr ehjlq zlwk w|slfdo gl�huhqwldo htxdwlrqv rq F zklfk
duh ri wkh irup

+��+w,,6
6[
�'f

D�+w,(
�x+w, @ i+w,> w A 3> +51514,

zkhuh D�+w, 5 F",JS+Un>Gl�63�+[,,/ m @ 3> 4> = = = > p1 Zh glg qrw vshfli|
wkh yduldeoh { lq +51514,/ nhhslqj lq plqg wkdw/ iru �{hg w/ wkh ydoxh x+w, lv
d glvwulexwlrq rq [ dqg D�+w, dfw dv gl�huhqwldo rshudwruv zlwk uhvshfw wr
wkh {0yduldeohv1

Wkh uhohydqw zhljkwhg Vrerohy vsdfhv lq d qhljkerukrrg ri wkh vlqjxodu
srlqw duh gh�qhg dv iroorzv1
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Il{ d idplo| ri rughu uhgxfwlrqv �r+�,/ v 5 U/ rq [ ghshqglqj rq d
sdudphwhu � 5 U1 Qrz/ iru v> � 5 U/ zh ohw Krc�+F, eh wkh frpsohwlrq ri
F"SJ6R+Un �[, zlwk uhvshfw wr wkh qrup

nxnGrc�E�� @

#]
K
3�

n�r+?},8x +},n2
u2Ef� g}

$ �

2

= +51515,

Ohppd 51514 D ixqfwlrq x 5 G�+Un�[, ehorqjv wr wkh vsdfh Krc�+F,
li dqg rqo| li wkh _sxoo0edfn% wWx @ x+�3�+orj (,, ri x xqghu wkh gl�hr0
prusklvp ( :$ �3�+orj (, ri Un ehorqjv wr wkh fruuhvsrqglqj frqh zhljkwhg
Vrerohy vsdfh1

Surri1 Lqghhg/ li ( @ hBE|�/ wkhq dq hdv| frpsxwdwlrq vkrzv wkdw

4

l

4

��+w,

g

gw
@

4

l
(
g

g(
>

g�+w, @
g(

(
>

+51516,

zkhqfh
8x +}, @ P +wWx, +�l},> } 5 F>

P ehlqj wkh Phoolq wudqvirup +fi1 H{dpsoh 41817,1 Wklv jlyhv wkh ghvluhg
frqfoxvlrq zkhq vxevwlwxwhg lqwr +51515,1

�
Vlqfh wkh ghulydwlyh ��+w, lv gl�huhqw iurp }hur iru w A 3/ htxdwlrq +51514,

lv htxlydohqw wr wkh htxdwlrq

Dx+w, @ +��+w,,36 i+w,> w A 3>

zkhuh

D @
6[
�'f

D�+w,(
� = +51517,

Iurp zkdw kdv douhdg| ehhq suryhg lq Vhfwlrqv 417 dqg 419/ lw iroorzv
wkdw wkh rshudwruv +51517, ehkdyh surshuo| lq wkh vfdoh +51515,1 Khqfh/ zkhq
rqh wuhdwv w|slfdo gl�huhqwldo htxdwlrqv lq d qhljkerukrrg ri wkh vlqjxodu
srlqw/ wkhuh qdwxudoo| dsshduv dq dgglwlrqdo vfdoh ri qrupv

nxnGrc�c>E�� @ n+��,> xnGrc�E��> +51518,

zlwk sdudphwhuv v> �> � 5 U1

Ohppd 51515 Ohw $ 5 F"SJ6R+
�Un,1 Wkhq/ iru hdfk uhdo qxpehuv v� �

v��/ �� � ��� dqg �� � ���/ zh kdyh d frqwlqxrxv hpehgglqj

$ Kr��c���c>��

+F, /$ Kr�c��c>�

+F,=
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Surri1 Wklv lv reylrxv ehfdxvh ri +51515, dqg +51518,1

�
Zh qrz uhwxuq wr wkh _wudqvfhghqwdo% fkdqjh ri yduldeohv ( @ hBE|� xvhg

lq wkh surri ri Ohppd 515141 Wkh �uvw htxdolw| ri +51516, vkrzv wkdw wkh
_sxoo0edfn% ri wkh rshudwru D xqghu wkh gl�hrprusklvp ( :$ �3�+orj (, ri
Un lv wkh gl�huhqwldo rshudwru

wyD @
6[
�'f

wWD� +(,

�
4

l
(
g

g(

��

> +51519,

vr wkdw wW+Dx, @ wyD +wWx,1 Wkxv/ zh ghgxfh wkdw wkh rshudwru D wudqv0
irupv/ xqghu wkh fkdqjh ri yduldeohv w @ �3�+orj (,/ lqwr d Ixfkv0w|sh rs0
hudwru wyD1 Frqyhuvho|/ hdfk Ixfkv0w|sh rshudwru rq Un � [ wudqvirupv/
xqghu wkh fkdqjh ri yduldeohv ( @ hBE|�/ lqwr dq rshudwru ri wkh irup +51517,1

Lw lv zruwk srlqwlqj rxw wkdw w @ �3�+orj (, lv d krphrprusklvp ri wkh
forvhg vhpl0d{lv �Un/ zlwk wkh lqyhuvh ( @ hBE|�1 Wkhuhiruh/ wkh frh�flhqwv
wWD� +(, @ D�+�

3�+orj (,, ri wyD duh frqwlqxrxv xs wr ( @ 3 li dqg rqo| li vr
duh wkh frh�flhqwv ri D1 Krzhyhu/ dv wkh fkdqjh ri yduldeohv w @ �3�+orj (,
lv qrw vprrwk xs wr ( @ 3 lq jhqhudo/ wkh frh�flhqwv ri wyD qhhg qrw eh
vprrwk xs wr ( @ 3/ hyhq li vr duh wkh frh�flhqwv ri D1

Dqrwkhu zd| ri vwdwlqj wklv revhuydwlrq lv wr vd| wkdw wrsrorjlfdoo| doo
wkh rqh0srlqw vlqjxodulwlhv duh htxlydohqw1 Krzhyhu/ kdylqj �{hg d jhrphw0
ulf w|sh ri wkh vlqjxodu srlqw/ zh duh doorzhg wr xvh rqo| wkrvh krphrpru0
sklvpv ri �Un forvh wr w @ 3 zklfk suhvhuyh wkh jhrphwulf vwuxfwxuh ri wkh
vlqjxodulw|1

2�� kih?i* U�|�Lg

Wkh Phoolq fdofxoxv lq wkh irup ghyhorshg e| Vfkxo}h ^Vfk<4/Vfk<7` jlyhv
dovr d jhqhudo iudphzrun iru wkh dqdo|vlv rq pdqlirogv zlwk duelwudu| rqh0
srlqw vlqjxodulwlhv1 Wkh edvlf lghd lv wkh iroorzlqj1 Rxwvlgh wkh vlqjxodu
srlqw/ rqh xvhv wkh vwdqgdug svhxgrgl�huhqwldo fdofxoxv dqg wkh vwdqgdug
Vrerohy vsdfhv1 Qhdu wkh vlqjxodulw|/ krzhyhu/ wkh dqdo|vlv uholhv rq wkh
rshudwruv frqvwuxfwhg e| xvh ri wkh wudqvirup 8 / dqg wkh vsdfhv Krc�+F,1

Pruh suhflvho|/ rqh frqvlghuv wkh rshudwruv +51614, rq wkh vhpld{lv
zkrvh v|perov wdnh wkhlu ydoxhv lq wkh dojheud ri doo svhxgrgl�huhqwldo
rshudwruv rq [ 1

Lq wkh vhtxho/ ohwp> � 5 U eh �{hg1 Jlyhq d 5 F"

,JS+Un�Un>�
6+[> �3�,,/

zh vkdoo zulwh d @ d+w> w�> },/ zkhuh } @ � � l� lqglfdwhv wkh yduldeoh lq �3�1
Iru w/ w�/ } �{hg/ wklv d+w> w�> }, lv d svhxgrgl�huhqwldo rshudwru rq [ 1

Gh�qlwlrq 51614 Vxssrvh wkdw d 5 F",JS+Un � Un>�
6+[> �3�,,1 Wkh
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rshudwru rs8c�+d, zlwk wkh v|pero d rq F"SJ6R+Un�[, @ F"SJ6R+Un> F
"+[,,

lv

rs8c�+d,x +w, @
4

+5�,2

]
K
3�

g}

]
"

f
h�EBE|�3BE|���5 d+w> w�> },x+w�, gp+w�,=

+51614,

Wkh uljkw0kdqg vlgh ri +51614, kdv wr eh xqghuvwrrg dv dq lwhudwhg lqwh0
judo1 Zh glg qrw vshfli| wkh yduldeoh { lq +51614,/ xqghuvwdqglqj wkdw/ iru
�{hg w�/ wkh ydoxh x+w�, lv lq F"+[, dqg wkdw d+w> w�> }, dfwv dv d svhxgrg0
l�huhqwldo rshudwru zlwk uhvshfw wr wkh {0yduldeohv1

Li [ frqvlvwv ri rqh srlqw/ wkhq +51614, uhgxfhv wr zkdw kdv douhdg| ehhq
gh�qhg lq Vhfwlrq 4191 Lq jhqhudo/ zh kdyh

rs8c�nq+d, @ hqBE|� rs8c�+d+w> w
�> } � l�,, h3qBE|�> +51615,

zklfk lv gxh wr Ohppd 417151
Olnh svhxgrgl�huhqwldo grxeoh v|perov/ wkh grxeoh v|perov lq +51614,

duh qrw xqltxho| ghwhuplqhg1

H{dpsoh 51615 Lw lv lpphgldwh iurp lqwhjudwlrq e| sduwv lq +51614,
wkdw

rs8c�
�
+l C@C},�d

�
@ rs8c�

�
+�+w,� �+w�,,�d

�
=

�

Jlyhq dq| d 5 F",JS+Un � Un>�
6+[ > �3�,,/ zh zloo kdyh d frqwlqxrxv

pds

rs8c�+d, = F
"

SJ6R+Un �[, $ F",JS+Un �[,=

Vprrwkqhvv ri d xs wr }hur |lhogv wkh frqwlqxlw| ri rs8c�+d, rq wkh zhljkwhg
Vrerohy vsdfhv1 Wkh suhfhglqj H{dpsoh 51615/ krzhyhu/ vkrzv wkdw wkh
vprrwkqhvv lv qrw qhfhvvdu|1

Sursrvlwlrq 51616 Ohw d 5 F",JS+
�Un � �Un>�

6+[> �3�,,1 Iru hdfk v 5
U dqg $�> $2 5 F"SJ6R+

�Un,/ wkhuh lv d frqwlqxrxv h{whqvlrq

$� rs8c�+d,$2 = Krc�+F, $ Kr36c�+F,=

Surri1 Vhh Vfkxo}h ^Vfk<4/ 41516`1
�

Zh dovr phqwlrq wkh iroorzlqj uhvxowv1 Wkh �uvw ri wkhp vkrzv wkdw/
mxvw dv lq wkh fdvh ri svhxgrgl�huhqwldo rshudwruv/ rqh kdv dv|pswrwlf vxp0
pdwlrq ri v|perov1
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Sursrvlwlrq 51617 Ohw +p�,�'�c2c��� eh d vhtxhqfh lq U whqglqj wr �4/

ohw d� 5 F",JS+
�Un � �Un>�

6� +[ > �3�,,/ dqg ohw p @ pd{p�1 Wkhq wkhuh
h{lvwv d v|pero d 5 F",JS+

�Un� �Un>�
6+[> �3�,, zlwk d � S

"

�'� d�/ l1h1/ iru

dq| Q 5 ]n wkhuh lv d M vxfk wkdw d�Sa
�'� d� 5 F",JS+

�Un��Un>�
63� +[ > �3�,,1

Pruhryhu/ d lv xqltxh prgxor F",JS+
�Un � �Un>�

3"+[ > �3�,,1

Surri1 Vhh Vfkxo}h ^Vfk<4/ 41517`1

�
Pruhryhu/ rqh rewdlqv vprrwklqj rshudwruv e| d vshfldo dqdo|wlf surfh0

gxuh wkdw Vfkxo}h ^Vfk<4` fdoov _nhuqho fxw0r�1%

Iru wkh vwdqgdug svhxgrgl�huhqwldo rshudwruv/ zh pd| fdofxodwh wkh
Vfkzduw} nhuqhov lq whupv ri wkh dpsolwxgh ixqfwlrqv1 Iru rshudwruv +51614,/
zh fdq dqdorjrxvo| zulwh

rs8c�+d,x +w, @
4

5�

]
"

f

n+d,
�
w> w�> �3�+�+w,� �+w�,,

�
x+w�, gp+w�,

zkhqhyhu x 5 F"SJ6R+Un> F
"+[,,/ zkhuh

n+d, +w> w�> ), @ 83�
3�5 p<�

d+w> w�> },

lv lqwhusuhwhg lq wkh glvwulexwlrqdo vhqvh1 Reylrxvo|/ n+d, lv d F" ixqfwlrq
ri +w> w�, 5 Un � Un zlwk ydoxhv lq G�+Un>�

6+[,,1 Iru �{hg w dqg w�/
wkh vlqjxodu vxssruw ri n+d, +w> w�> ), lv frqwdlqhg lq wkh rqo| srlqw )f 5 Un

zkhuh �+)f, @ 3 +fi1 Vfkxo}h ^Vfk<4/ 41517`,1 Pruhryhu/ zh kdyh d+w> w�> }, @
83�� p<5n+d, +w> w

�> },1

Sursrvlwlrq 51618 Dvvxph wkdw $ 5 F"SJ6R+Un, lv d fxw0r� ixqfwlrq
forvh wr )f +l1h1/ $+), � 4 qhdu ) @ )f,1 Jlyhq dq| d 5 F",JS+

�Un �
�Un>�

6+[ > �3�,,/ ohw

d�+w> w
�> }, @ 8 � p<5

�
$+),83�

3�5 p<�
d+w> w�> },

�
>

d2+w> w
�> }, @ 8 � p<5

�
+4� $+),,83�

3�5 p<�
d+w> w�> },

�
=

Wkhq

d� 5 F",JS+
�Un � �Un>�

6+[> �3�,,>
d2 5 F",JS+

�Un � �Un>�
3"+[> �3�,,=

Surri1 Vhh Vfkxo}h ^Vfk<4/ 41517`1

�

6<
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2�e �*}iMh@t ��|�L�| @t)4T|L|�Ut

Zh duh qrz deoh wr ghvfuleh dq dojheud zlwkrxw dv|pswrwlfv rq d pdqlirogP
zlwk vlqjxodu srlqwv1 Zh vkdoo qrw dwwhpsw dq| glvfxvvlrq ri wkh uljrurxv
gh�qlwlrq ri vxfk d pdqlirog1 Wkh lpsruwdqw srlqw wr qrwh khuh lv wkh
irup ri wudqvlwlrq gl�hrprusklvpv forvh wr d vlqjxodu srlqw 0 wkh| kdyh wr
suhvhuyh wkh jhrphwulf w|sh ri wkh vlqjxodulw|1 Zh vkdoo lqvwhdg ghdo iurp
wkh yhu| ehjlqqlqj zlwk wkh _vwuhwfkhg remhfw% dvvrfldwhg wr P 1

Sursrvlwlrq 51714 Iru dq| pdqlirog P zlwk vlqjxodu srlqwv V wkhuh
lv d vprrwk pdqlirog zlwk erxqgdu| P vxfk wkdw=

4, P q V lv gl�hrprusklf wr Pq CP> dqg
5, wkhuh lv d qhljkerukrrg R ri V lq P dqg d froodu qhljkerukrrg R *

CP� ^3> 4, ri CP lq P vxfk wkdw R q V lv gl�hrprusklf wr CP� +3> 4,1

Surri1 Zh frqvwuxfw P e| uhsodflqj/ iru hyhu| rqh0srlqw vlqjxodulw|
s 5 V/ d qhljkerukrrg R ri s e| ^3> 4,�[ yld joxlqj zlwk dq| rqh ri wkh
gl�hrprusklvpv Rqisj $ +3> 4,�[ ri zklfk htxlydohqfh fodvvhv ghwhuplqh
wkh vwuxfwxuh ri P forvh wr s1 Zh hyhq jhw CP @ ^RM7[R/ wkh vxevfulsw s
srlqwlqj wr wkh ghshqghqfh ri [ rq s1

�
Lq wkh vhtxho zh wdflwo| dvvxph wkdw P kdv rqo| rqh vlqjxodu srlqw> wklv

grhv qrw lqfoxgh dq| uhvwulfwlrq ri jhqhudolw|1
Zh ehjlq zlwk gh�qlwlrq ri zhljkwhg Vrerohy vsdfhv Krc�+P, +fi1 Vhf0

wlrqv 418/ 516,1 Zh vkdoo vd| wkdw d ixqfwlrq ru glvwulexwlrq lv vxssruwhg
forvh wr wkh erxqgdu| ri P li lw ydqlvkhv rxwvlgh wkh sduw ri P wkdw lv lghq0
wl�hg zlwk ^3> 4, �[1 Il{ d vprrwk ixqfwlrq $ rq P zklfk lv vxssruwhg
forvh wr wkh erxqgdu| dqg htxdo wr 4 lq d vpdoohu qhljkerukrrg ri wkh

erxqgdu|1 Jlyhq d glvwulexwlrq x 5 G�+
�

P,/ zh fdq zulwh lw dv x @ x� . x2
zlwk x� @ $x vxssruwhg forvh wr wkh erxqgdu| dqg x2 @ +4�$,x vxssruwhg
dzd| iurp wkh erxqgdu|1 Zh vkdoo vd| wkdw x 5 Krc�+P,/ surylghg wkdw

x� 5 Krc�+F, dqg x2 5 Kr
,JS+

�

P,1 Lw lv hdv| wr vhh wkdw wklv gh�qlwlrq lv
lqghshqghqw ri wkh sduwlfxodu fkrlfh ri $1 Zh fdq wrsrorjl}h Krc�+P, dv d
Kloehuw vsdfh/ xvlqj wkh Kloehuw vsdfh vwuxfwxuhv rq Krc�+F, dqg Kr+U�n?,1

Lq wkh vhtxho/ zh xvh wkh qrwlrq ri d zhljkw gdwxp ri dq dojheud zlwkrxw
dv|pswrwlfv1 E| vxfk d gdwxp lv phdqw dq| frxsoh z @ +�> �, ri qxpehuv
�> � 5 U1

Iru d zhljkw gdwxp z @ +�> �,/ ghqrwh e| Doj3"+P> z, wkh vhw ri doo

rshudwruv V8 = F"SJ6R+
�

P, $ G�+
�

P, vxfk wkdw/ iru doo v 5 U/ wkhuh lv d

frqwlqxrxv h{whqvlrq V8 = Krc�+P, $ K"cq+P,1
Jlyhq dq|p dqg zhljkw gdwxp z @ +�> �,/ ohw Doj6+P> z, eh wkh vsdfh

ri doo rshudwruv D = F"SJ6R+
�

P, $ G�+
�

P, ri wkh irup D @ D8 . D5 . V8 /
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zkhuh

D8 lv dq rshudwru edvhg rq wkh wudqvirup 8 forvh wr wkh erxqgdu|/ l1h1/
wkhuh duh *f> #f 5 F"+P, vxssruwhg forvh wr wkh erxqgdu| ri P/
dqg d v|pero d 5 F",JS+

�Un � �Un>�
6+[ > �3�,, vxfk wkdw

D8 @ hEq3��BE|� *f rs8c�+d,#f>

D5 lv d svhxgrgl�huhqwldo rshudwru vxssruwhg dzd| iurp wkh erxqgdu|/ l1h1/
wkhuh duh ixqfwlrqv *"/ #" ydqlvklqj lq d qhljkerukrrg ri wkh erxqg0

du| ri P/ dqg d v|pero d 5 V6+
�

P, vxfk wkdw D5 @ *" rs5+d,#">

V8 lv dq rshudwru lq Doj3"+P> z,1

Wkh froohfwlrq ri doo wkh vsdfhv Doj6+P> z, zlwk p> �> � 5 U lv wkh
dojheud zlwkrxw dv|pswrwlfv1 Zlwk wkh khos ri Sursrvlwlrq 516161 lw lv hdv|
wr vhh wkdw dq rshudwru D 5 Doj6+P> z, lqgxfhv d frqwlqxrxv pdsslqj

D = Krc�+P, $ Kr36cq+P,

iru dq| v 5 U1
Lw lv qrw vr wulyldo wkdw wkh dojheud zlwkrxw dv|pswrwlfv lv dq _dojheud%

lq wkh vhqvh wkdw/ iru doop�> p2> � 5 U/ wkh frpsrvlwlrq ri rshudwruv lqgxfhv
d frqwlqxrxv pxowlsolfdwlrq

Doj62+P> z2,�Doj6�+P> z�, $ Doj6�n62+P> z,>

zkhuh z� @ +�> �,/ z2 @ +�> �, dqg z @ +�> �,1
Lw iroorzv iurp wkh pdsslqj surshuwlhv wkdw wkh rshudwruv lq Doj3"+P> z,

irup dq _lghdo% lq wkh vhqvh wkdw wkh deryh pxowlsolfdwlrq uhvwulfwv wr frq0
wlqxrxv pdsv

Doj3"+P> z2,�Doj6�+P> z�, $ Doj3"+P> z,>
Doj62+P> z2,�Doj3"+P> z�, $ Doj3"+P> z,>

z� ehlqj dv deryh1

Uhpdun 51715 Li p @ 3/ wkhq Dojf+P> z, lv dq dojheud lq wkh xvxdo
vhqvh/ dqg Doj3"+P> z, lv dq lghdo lq wklv dojheud1

Ilqdoo|/ wkh lpsruwdqw srlqw wr qrwh khuh lv wkh iroorzlqj uhodwlrq eh0
wzhhq wkh rshudwruv edvhg rq wkh wudqvirup 8 / dqg wkh xvxdo svhxgrgl�hu0
hqwldo rshudwruv1

Sursrvlwlrq 51716 Vxssrvh #8 lv dq rshudwru dv deryh1 Wkhq/ iru

dq| ixqfwlrqv *"> #" 5 F"SJ6R+
�

P,/ wkhuh lv dq rshudwru #5 5 �6+
�

P,
vxssruwhg lq wkh lqwhulru ri P vxfk wkdw *" #8 #" @ #5 1

74



DPL Yro16/ 4<<;Qr14/4<<< E Vfkxo}h/ Q1 Q1 Wdunkdqry .

Surri1 Wkh uhdghu glg fhuwdlqo| uhfrjql}h wkdw wklv dvvhuwlrq lv qrqh
rwkhu wkdq wkh fkdqjh ri yduldeohv rq wkh vsdfh ri xvxdo svhxgrgl�huhqwldo
rshudwruv1

�
Xqghu wkh k|srwkhvhv ri Sursrvlwlrq 51716/ li pruhryhu wkh vxssruwv ri

*" dqg #" duh glvmrlqw/ wkhq *" #8 #" 5 Doj3"+P> z,1
Iurp zkdw kdv ehhq vdlg dw wkh hqg ri Vhfwlrq 515/ lw pd| eh frqfoxghg

wkdw wkh dojheud Doj6+P> z, lv dq h{whqvlrq ri wkh frqh dojheud lq wkh
vhqvh wkdw/ forvh wr wkh vlqjxodu srlqwv/ wkh sxoo0edfn ri wkh frqh dojheud
xqghu wkh pdsslqj w :$ ( @ hBE|� lv d surshu vxedojheud ri Doj6+P> z,1
Krzhyhu/ wkh qrup forvxuhv ri erwk dojheudv frlqflgh ehfdxvh hdfk rshudwru
fruuhvsrqglqj wr wkh frqlfdo vhwwlqj fdq eh dssur{lpdwhg e| rshudwruv zlwk
_frh�flhqwv% frqvwdqw qhdu vlqjxodu srlqwv +fi1 Pdqwoln ^Pdq<8`,1

2�D �t)4T|L|�Ut

Lq jhqhudo/ dv|pswrwlf h{sdqvlrqv ri vroxwlrqv wr htxdwlrq +51514, lq d qhljk0
erukrrg ri wkh vlqjxodu srlqw vhhp wr eh frqwuroohg e| wkh vfdoh ri qrupv
+51518,/ l1h1/ wkh uhpdlqghuv/ zkhq fxw r�/ olh lq wkh vsdfhv Krc�c>+F, zlwk
� odujh hqrxjk1

Lq wkh odvw wzr vhfwlrqv ri wklv fkdswhu zh zloo uhvwulfw wkh glvfxvvlrq wr
wkh vlwxdwlrq zkhq wkh dv|pswrwlf h{sdqvlrqv ri vroxwlrqv pd| eh frqwuroohg
e| wkh vfdoh +51515,1 Urxjko| vshdnlqj/ wklv fruuhvsrqgv wr wkh fdvh zkhuh
wkh vwdqgdug sdudphwul{ frqvwuxfwlrq iru hoolswlf rshudwruv D ohdgv qrw rqo|
wr d jdlq lq wkh srzhu ri +��+w,,3� exw dovr wr d jdlq lq wkh srzhu ri hBE|�1
Wr hqvxuh wklv/ zh qhhg dq dgglwlrqdo dvvxpswlrq rq vprrwkqhvv ri wkh
frh�flhqwv ri D forvh wr w @ 3/ qdpho|/ wkdw D�+�

3�+orj (,, duh F" xs wr
( @ 3/ iru m @ 3> 4> = = = > p1 Wklv dvvxpswlrq lv vdwlv�hg/ lq sduwlfxodu/ li doo
wkh frh�flhqwv D� duh frqvwdqw lq d vpdoo lqwhuydo ^3> �,/ � A 31

Wr ehjlq zlwk/ zh pdnh pruh suhflvh wkh gh�qlwlrq ri wkh vsdfhvKrc�+F,
rq wkh lq�qlwh vwuhwfkhg frqh F @ �Un�[1 Wkh dqdo|vlv rq F hpsor|v wkh
wudqvirup 8 dqg zhljkwv rqo| qhdu wkh edvh w @ 31 Wkh zhljkw idfwru
h32�BE|� lq Gh�qlwlrq 41814 d�hfwv wkh vsdfh dovr iru w $ 41 Lw lv dg0
ydqwdjhrxv wr lqwurgxfh dqrwkhu yduldqw ri vsdfhv rq F wkdw uhihuv wr wkh
Irxulhu0Odsodfh wudqvirup dqg wr zhljkw idfwruv rqo| qhdu w @ 31 Wkh lghd
lv wr pxowlso| Krc�+F, e| d fxw0r� ixqfwlrq $ dqg wkhq wr dgg +4�$,Kr+F,/
zkhuh Kr+F, lv wkh xvxdo Vrerohy vsdfh rq F surshuo| lqwhusuhwhg 21 Wkxv/
iru v> � 5 U/ zh vhw

Krc�+F, @ $Krc�+F, . +4� $,Kr+F,>
2A�i ThLTih _i�?�|�L? Lu GrE�� t�L�*_ Tih�@Tt |@!i �?|L @UUL�?| |�i Mi�@��Lh Lu

o ' BE|� uLh | < "�
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zlwk $ d �{hg fxw0r� ixqfwlrq rq �Un1 Zh wrsrorjl}h Krc�+F, e| wkh qrup

nxnMrc�E�� @ lqi
�'/��nE�3/��2

�n$x�nGrc�E�� . n+4� $,x2nGrE��

�
=

Lw lv hdv| wr fkhfn wkdw wkh vsdfhKrc�+F, lv lqghshqghqw ri wkh sduwlfxodu
fkrlfh ri wkh fxw0r� ixqfwlrq $ xs wr dq htxlydohqw qrup1 Pruhryhu/ wkh
wrsrorj| ri Krc�+F, lv vwloo lqgxfhg e| d Kloehuw lqqhu surgxfw �1

Kdylqj glvsrvhg ri wklv suholplqdu| vwhs/ zh fdq qrz uhwxuq wr vsdfhv
zlwk dv|pswrwlfv1 Wkh iroorzlqj dvvhuwlrq lv ri edvlf lqwhuhvw lq wkh dqdo|vlv
ri wkh frqrupdo dv|pswrwlfv ri glvwulexwlrqv rq F iru w $ 31

Ohppd 51814 Ohw $ 5 F"SJ6R+
�Un, eh d fxw0r� ixqfwlrq zlwk uhvshfw wr

wkh ruljlq/ dqg ohw s 5 F/ � 5 ]n1 Wkhq wkh Irxulhu0Odsodfh wudqvirup
ri wkh ixqfwlrq $+w, h�RBE|� +�+w,,> h{whqgv wr d phurprusklf ixqfwlrq lq wkh
zkroh frpsoh{ sodqh zlwk h{dfwo| rqh sroh/ ri pxowlsolflw| �. 4/ dw s1

Surri1 Zh �uvw suryh d uhgxfhg irup ri wkh ohppd/ qdpho|/ dvvxph
wkdw erwk s dqg � duh }hur1

Iru lp } A 3/ zulwh

8$ +}, @
4

}
x+},>

zkhuh x+}, @ 8 +($, +},1 Vlqfh ($ 5 F"SJ6R+Un,/ zh frqfoxgh wkdw x lv
dq hqwluh ixqfwlrq ri } 5 F1 Pruhryhu/

x+3, @
4

l

]
"

f

g$

gw
gw

@
�4

l
$+3,

@ l=

Khqfh lw iroorzv wkdw �
5
x+}, lv d phurprusklf ixqfwlrq zlwk d vlqjoh sroh

orfdwhg dw } @ 3 dqg ri pxowlsolflw| � @ 41
Iru wkh jhqhudo fdvh/ wdnh } 5 F zlwk lp +} � s, A 31 Dq hdv| frpsx0

wdwlrq vkrzv wkdw

8 |p<5

�
$+w, h�RBE|� +�+w,,>

�
@

4

5�

]
"

f
h3�5BE|�

�
$+w, h�RBE|� +�+w,,>

�
gp+w,

@ +l C@C},> 8$ +} � s,

@ +l C@C},>
�

4

} � s
x+} � s,

�
=

�W? |�i t@4i �@)c t|@h|�?} ��|� Grc�c>E��c �i U@? _i�?i |�i tT@Uit Mrc�c>E�� uLh @**
rc �c > M 5�
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E| wkh deryh/ wkh uljkw0kdqg vlgh khuh lv d phurprusklf ixqfwlrq zlwk d
vlqjoh sroh orfdwhg dw } @ s dqg ri pxowlsolflw| � . 41 Khqfh wkh ohppd
iroorzv1

�
Wkh surri deryh jlyhv pruh/ qdpho|/ jlyhq dq| srlqw s 5 F dqg h{0

flvlrq ixqfwlrq "+}, ri s/ wkh ixqfwlrq "8
�
$+w, h�RBE|� +�+w,,>

�
lv udslgo|

ghfuhdvlqj rq hdfk zhljkw olqh �
3�/ xqlirupo| lq � rq �qlwh lqwhuydov1

Uhpdun 51815 Lw lv hdvlo| vhhq iurp wkh surri wkdw wkh gl�huhqfh

8 |p<5

�
$+w, h�RBE|� +�+w,,>

�
� +�l,>

�$

4

+} � s,>n�

h{whqgv wr dq hqwluh ixqfwlrq1

Il{ d fxw0r� ixqfwlrq $ 5 F"SJ6R+
�Un, zlwk uhvshfw wr w @ 31 Jlyhq d

srlqw s 5 F/ lw iroorzv iurp Ohppd 51514 wkdw wkh dv|pswrwlfv

x+w> {, @ $+w, h�RBE|� +�+w,,> x�+{,

olhv lq Krc�+F,/ iru hdfk � 5 ]n dqg x� 5 Kr+[,/ li dqg rqo| li lp s ? ��1
Zh zdqw wr lqwurgxfh vxevsdfhvKrc�

@r +F, frqvlvwlqj ri ixqfwlrqv x 5 Krc�+F,
zklfk kdyh d jdlq lq wkh zhljkw xs wr hohphqwv ri vrph �qlwh0glphqvlrqdo
vxevsdfh ri dv|pswrwlfv1 Wr pdnh wklv pruh suhflvh zh jlyh wkh iroorzlqj
gh�qlwlrqv1

D zhljkw gdwxp z @ +�> +�o> 3`, frqvlvwv ri d qxpehu � 5 U dqg dq
lqwhuydo +�o> 3` rq wkh uhdo d{lv1 Zh frqvlghu �qlwh zhljkw lqwhuydov +l1h1/
wkrvh zlwk 3 ? o ? 4, dv zhoo dv wkh lq�qlwh rqh +l1h1/ +�4> 3`,1

E| dq dv|pswrwlf w|sh dvvrfldwhg zlwk wkh zhljkw gdwxp z lv phdqw
dq| froohfwlrq dv @ ++s�> �� >	�,,�'fc�c���ca / zkhuh

� +s�, duh frpsoh{ qxpehuv lq wkh vwuls �� � o ? lp s� ? ��>
� +��, duh qrq0qhjdwlyh lqwhjhuv> dqg

� +	�, duh �qlwh0glphqvlrqdo vxevsdfhv ri F"+[,1

Iru wkh lq�qlwh zhljkw lqwhuydo/ wkh ydoxh M @ 4 lv dovr dgplvvleoh1
Krzhyhu/ zh dvvxph wkdw hdfk vwuls if� � lp } � f��j frqwdlqv rqo| d �qlwh
qxpehu ri wkh srlqwv s�1 Wkxv/ d frqglwlrq rq +s�, lv lp s� $ �4 zkhq
m $ 41

Gh�qlwlrq 51816 Jlyhq d zhljkw gdwxp z/ zh ghqrwh e| Dv +z, wkh vhw
ri doo dv|pswrwlf w|shv dvvrfldwhg zlwk z1 Dv|pswrwlf w|shv ri vxfk d nlqg
duh fdoohg glvfuhwh1
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Ilj1 516= D fduulhu ri dq dv|pswrwlfv iru wkh zhljkw gdwxp z @
+�> +�o> 3`,1

E| wkh deryh vdlg/ zkhq zrunlqj zlwk wkh vsdfhv Krc�+F,/ zh kdyh wr
frqvlghu zhljkw gdwd z @ +�> +�o> 3`,1 Il{ vxfk d gdwxp1

Jlyhq dq| dv|pswrwlf w|sh dv 5 Dv +z,/ zh ghqrwh e| D@r wkh �qlwh0
glphqvlrqdo vsdfh vsdqqhg e| wkh ixqfwlrqv

�
$+w, h�R�BE|� +�+w,,> f�>+{,

�
�'fc�c���ca
>'fc�c���c>�

>

zkhuh f�> 5 	�1 +Wkh fxw0r� ixqfwlrq $+w, lv nhsw �{hg1,

Iurp zkdw kdv douhdg| ehhq suryhg lw iroorzv wkdwD@r � Krc�+F,/ iru doo
v 5 U/ dqg D@r _Krc�n,3f+F, @ >/ zkhuh Krc�n,3f+F, @ _":fK

rc�n,3"+F,1
Wkh hohphqwv ri Krc�n,3f+F, pd| eh uhjdughg dv ehlqj �dw ri rughu o � 3
uhodwlyh wr wkh zhljkw �1

Zh hqgrz D@r zlwk wkh qdwxudo wrsrorj|/ dqg Krc�n,3f+F, zlwk wkh
wrsrorj| ri surmhfwlyh olplw ri Kloehuw vsdfhv1

Gh�qlwlrq 51817 Iru v> � 5 U dqg dv 5 Dv +z,/ ohw

Krc�
@r +F, @ D@r .Krc�n,3f+F,=

Zh pdnh Krc�
@r +F, d Iu�hfkhw vsdfh e| jlylqj lw wkh wrsrorj| ri wkh vxp ri

Iu�hfkhw vsdfhv1 Reylrxvo|/ Krc�
@r +F, lv lqghshqghqw ri wkh sduwlfxodu fkrlfh

ri wkh fxw0r� ixqfwlrq $ xs wr dq htxlydohqw wrsrorj|1
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Uhpdun 51818 Vsdfhv zlwk dv|pswrwlfv duh dovr zhoo0gh�qhg rq d pdq0
lirog zlwk rqh0srlqw vlqjxodulwlhv li zh hlwkhu nhhs frruglqdwhv �{hg ru hovh
lqwhusuhw wkh vxevfulsw cdv* dvvrfldwhg zlwk dq dv|pswrwlf w|sh cdv* dv dq
htxlydohqfh fodvv ri srvvleoh dv|pswrwlf w|shv1

Zh �qlvk wklv vhfwlrq e| d eulhi glvfxvvlrq ri rshudwru0ydoxhg phurpru0
sklf ixqfwlrqv1 Qdpho|/ iru d glvfuhwh vhw � lq wkh frpsoh{ sodqh/ zh gh�qh
phurprusklf ixqfwlrqv k+}, 5 D+F q �>�6

S, +[,, zkrvh ydoxhv duh fodvvlfdo
svhxgrgl�huhqwldo rshudwruv rq [1

Wkh vsdfh �6
S, +[, lv hqgrzhg zlwk lwv qdwxudo Iuh�hfkhw wrsrorj|/ dqg

e| D+F q �>O, zh phdq wkh vsdfh ri O0ydoxhg krorprusklf ixqfwlrqv rq
F q �1 Fohduo|/ D+F q �>�6

S, +[,, kdv d qdwxudo Iu�hfkhw vwuxfwxuh/ djdlq1

Ghqrwh wkh srlqwv ri � e| +s�,�'fc�c���1 Zh zloo dvvxph wkdw hdfk kru0

l}rqwdo vwuls if� � lp } � f��j frqwdlqv rqo| d �qlwh qxpehu ri srlqwv lq
�1

Ixuwkhupruh/ ohw xv �{ d vhtxhqfh +��, ri srvlwlyh lqwhjhuv dqg d vh0
txhqfh +O�, ri �qlwh0glphqvlrqdo vxevsdfhv ri rshudwruv ri �qlwh udqjh lq
�3"+[,1

Hyhu| froohfwlrq dv @ ++s�> �� >O�,,�'fc�c��� zloo eh fdoohg d +glvfuhwh,
dv|pswrwlf w|sh iru 8 0v|perov1

Qrz P@r+F>�
6
S, +[,, ghqrwhv wkh vxevsdfh ri D+Fq�>�6

S, +[,, frqvlvw0
lqj ri doo ixqfwlrqv k+}, vxfk wkdw

� iru hyhu| �0h{flvlrq ixqfwlrq "+}, +l1h1/ " 5 F",JS+F, lv htxdo wr 3 qhdu �
dqg 4 dzd| iurp d qhljkerukrrg ri �, zh kdyh "kmK

3�
5 �6

S, +[> �
3�,

xqlirupo| lq � rq �qlwh lqwhuydov lq U>

� k+}, lv phurprusklf zlwk srohv dw s� ri pxowlsolflwlhv �� .4/ dqg wkh
Odxuhqw h{sdqvlrq dw s� lv k+}, @

S>�
>'f o� +}�s�,

3E>n��.k�+}, zlwk
o� 5 O� dqg k�+}, 5 D+R>�6

S, +[,, iru vrph qhljkerukrrg R ri s� 1

Wkh vsdfh P@r+F>�
6
S, +[,, kdv d qdwxudo Iu�hfkhw wrsrorj|1 Zh zloo

zulwh lw vlpso| P+F>�6
S, +[,, zkhq � @ >1

2�S �*}iMh@t ��|� @t)4T|L|�Ut

Xqwlo ixuwkhu qrwlfh/ zh uhvwulfw rxu dwwhqwlrq wr d frruglqdwh sdwfk rq [
zlwk yduldeoh { dqg fryduldeoh �1

Irup 5 U dqg d zhljkw gdwxp z @ +�> �,/ zh ghqrwh e| hEq3��BV6+KW WF,
wkh vxevsdfh ri V6+

�

F � U
�n?, frqvlvwlqj ri v|perov ri wkh irup

d+w> {> �> �, @ hEq3��BE|� �d

�
w> {>

4

��+w,
�> �

�
> +51914,
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zkhuh �d+w> {> �� > �, 5 V6+F � U
�n?,1

Vlqfh wkh zhljkw idfwru hEq3��BE|� lv �{hg iru hyhu| p/ zh fdq hqgrz hdfk
vsdfh hEq3��BV6+KW WF, zlwk d fdqrqlfdo Iu�hfkhw wrsrorj|1 Wkh hohphqwv ri
hEq3��BV6+KW WF, duh fdoohg ghjhqhudwh v|perov ri rughu p1

Ohw hEq3��BV6S, +
KW WF, vwdqg iru wkh vxevsdfh ri hEq3��BV6+KW WF, lqgxfhg

e| V6S, +F � U
�n?, lq wkh vdph zd|1

Dv xvxdoo|/ zh vhw

V3"+KW WF> z, @ _6 V6S, +
KW WF,=

E| gh�qlwlrq/ hdfk v|pero d 5 hEq3��BV6S, +
KW WF, fdq eh zulwwhq lq wkh

irup +51914,/ zkhuh �d 5 V6+F � U
�n?,1 Zulwh �d � S

� " �d63�/ zlwk " dq

h{flvlrq ixqfwlrq dqg �d63� 5 F"

,JS+F�U
�n?, krprjhqhrxv ri ghjuhh p� m1

Gh�qlwlrq 51914 Jlyhq dq d 5 hEq3��BV6S, +
KW WF,/ e| wkh sulqflsdo lqqhu

v|pero ri d lv phdqw

�6
5 +d,+w> {> �> �, @ hEq3��BE|� �d6

�
w> {>

4

��+w,
�> �

�
> w A 3=

Vlqfh �+w, $ �4 dv w $ 3/ wkh sulqflsdo lqqhu v|pero lwvhoi fdqqrw
frqwuro wkh ehkdylru ri d dw w @ 31 Iru wklv sxusrvh/ zh pd| lqyrnh wkh
frpsrqhqw �d6+w> {> �� > �, ehfdxvh lw lv zhoo0gh�qhg xs wr w @ 3 dqg fdswxuhv
wkh ehkdylru ri �6

5
+d, dzd| iurp w @ 31

D v|pero d 5 hEq3��BV6S, +
KW WF, lv vdlg wr eh hoolswlf li �d6+w> {> �� > �, 9@ 3

iru doo +w> {> �� > �, 5 F�+U�n?qi3j,1 Wkh lpsruwdqw srlqw wr hpskdvl}h khuh
lv wkdw wkh hoolswlflw| ri d ghjhqhudwh v|pero vxewhqgv wkh qrq0vlqjxodulw|
ri �d6 xs wr w @ 31 E| wkh deryh/ hyhu| hoolswlf v|pero d 5 hEq3��BV6S, +

KW WF,
lv dovr hoolswlf lq wkh vhqvh ri v|pero dojheud rq wkh lqwhulru ri F1 Wkhuhiruh/
d kdv d Ohleql} lqyhuvh lq wklv dojheud/ zklfk lv xqltxh prgxor V3"+

�

F �
U
�n?,1 Wkh fuxfldo idfw lv wkdw zh fdq hqvxuh wkh h{lvwhqfh ri d Ohleql}

lqyhuvh zlwklq wkh fodvv hE�3q�BV36
S, +KW WF,1

Xqghu hoolswlflw|/ zh zdqw wr dvvrfldwh zlwk wkh Ohleql} lqyhuvh ri d
d frqwlqxrxv pdsslqj ehwzhhq zhljkwhg Vrerohy vsdfhv rq F1 Zh �uvw
ghprqvwudwh wkhvh whfkqltxhv e| h{dpsoh ri wkrvh ghjhqhudwh v|perov zklfk
duh sro|qrpldo lq � 1

H{dpsoh 51915 Ohw D eh ri irup +51517,1 Zh kdyh D @ rs5+d, zlwk d
xqltxh v|pero d 5 V6S, +

KW WF,/ iru hdfk zhljkw gdwd z @ +�> �,1 Lq wklv fdvh/

�65 +d,+w> {> �> �, @
6[
�'f

�63�
5

+D�,+w> {> �,

�
4

��+w,
�

��

= +51915,
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Il{ d fxw0r� ixqfwlrq $ rq �Un/ vr wkdw $+w, @ 4 iru w � d dqg $+w, @ 3
iru w � D/ zkhuh 3 ? d ? D ? 41 Wkhq *f @ $ dqg *" @ 4 � $
jlyh wkh sduwlwlrq ri xqlw| rq wkh vhpld{lv vxeruglqdwhg wr wkh fryhulqj
Lf @ ^3> 5D,/ L" @ +�2d>4,1 Zh qrz fkrrvh #D 5 F"

,JS+
�Un, +� @ 3>4,

vxfk wkdw vxss#D � LD dqg #D @ 4 qhdu vxss*D 1 Vlqfh wkh rshudwru
D lv orfdo/ lw lv d vlpsoh pdwwhu wr vhh wkdw D @ Df . D"/ zkhuh Df @
*f rs5+d,#f/ D" @ *" rs5+d,#"1 Wkh rshudwru D" lv _vxssruwhg% dzd|
iurp wkh vlqjxodulw| w @ 3/ vr lw h{whqgv wr d frqwlqxrxv olqhdu rshudwru
Krc�+F, $ Kr36c�+F,/ iru hdfk v> � 5 U/ surylghg wkdw wkh frh�flhqwv D�

duh lqghshqghqw ri w iru w A 3 odujh hqrxjk1 Wkh qh{w wdvn lv wr uhzulwh
D dv d svhxgrgl�huhqwldo rshudwru zlwk uhvshfw wr wkh wudqvirup 8 / wkxv
pdnlqj Df pruh suhsduhg wr dfw lq wkh zhljkwhg Vrerohy vsdfhv forvh wr
w @ 31 Krzhyhu/ d wulyldo yhul�fdwlrq vkrzv wkdw/ iru hyhu| � 5 U/ zh kdyh
D @ rs8c�+k, rq F"

SJ6R+Un �[,/ zkhuh

k+w> }, @
6[
�'f

D�+w, }
� = +51916,

Wkxv/ wkh rshudwru D� @ *f rs8c�+k,#f h{whqgv wr d frqwlqxrxv olqhdu
rshudwru ri Krc�+F, $ Kr36c�+F,/ iru hdfk v> � 5 U1

�

Iru duelwudu| ghjhqhudwh v|perov/ lw lv qr orqjhu srvvleoh wr rewdlq d
suhflvh uhsuhvhqwdwlrq mxvw dv lq H{dpsoh 519151 Zkhq vwxg|lqj duelwudu|
v|perov zh kdg wr orrn iru vxfk d uhsuhvhqwdwlrq rqo| prgxor _vprrwklqj%
rshudwruv1

Wr hdfk v|pero d 5 hEq3��BV6S, +
KW WF,/ zh pd| dvvljq d svhxgrgl�huhq0

wldo rshudwru D @ rs5+d, zklfk lv zhoo0gh�qhg rq glvwulexwlrqv vxssruwhg
lq wkh lqwhulru ri F1

Il{ dq rshq fryhulqj Lf ^ L" ri wkh vhpld{lv �Un/ zkhuh Lf @ ^3> 5D,
dqg L" @ + �2d>4, +3 ? d ? D ? 4,1 Ohw +*D,D'fc" eh d sduwlwlrq ri
xqlw| rq �Un vxeruglqdwhg wr wklv fryhulqj/ dqg ohw #D 5 F",JS+

�Un, vdwlvi|
vxss#D � LD dqg #D @ 4 lq d qhljkerukrrg ri vxss*D 1

Vlqfh wkh rshudwru D lv svhxgr0orfdo/ zh vhh dw rqfh wkdw D @ Df .D"

prgxor vprrwklqj rshudwruv lq
�

F/ zkhuh

Df @ *f rs5+d,#f>
D" @ *" rs5+d,#"=

Rxu qh{w jrdo lv wr �qg d vxlwdeoh uhirupxodwlrq ri wkh rshudwru Df lq whupv
ri wkh wudqvirup 8 1

7;



. Svhxgrgl�huhqwldo Fdofxoxv rq Pdqlirogv zlwk111 DPL Yro16/ 4<<;Qr14/4<<<

Wkhruhp 51916 Jlyhq dq| d 5 hEq3��BV6S, +
KW WF,/ wkhuh h{lvwv dq 8 0

v|pero k+w> }, 5 F",JS+
�Un>P+F>�6

S, +[,,, vxfk wkdw/ iru hdfk � 5 U/ zh
kdyh

rs5+d, @ hEq3��BE|� rs8c� +k,
�
prg �3"+Un �[,

�
= +51917,

Surri1 Fi1 Hjrury dqg Vfkxo}h ^HV<9/ ;1416`1

�
Vxppdul}lqj/ zh kdyh

rs5+d, @ hEq3��BE|� *f rs8c�+k,#f.*" rs5+d,#"
�
prg �3"+Un �[,

�
>

+51918,
iru hdfk � 5 U1 Pruhryhu/ Sursrvlwlrq 51616/ zkhq frpelqhg zlwk erxqg0
hgqhvv surshuwlhv ri svhxgrgl�huhqwldo rshudwruv lq Vrerohy vsdfhv/ vkrzv
wkdw wkh uljkw0kdqg vlgh ri +51918, h{whqgv wr d frqwlqxrxv olqhdu rshudwru
ri Krc�+F, $ Kr36cq+F,/ iru hdfk v 5 U/ surylghg d lv lqghshqghqw ri w iru
w A 3 odujh hqrxjk1

Zh duh qrz lq d srvlwlrq wr ghvfuleh rxu dojheud zlwk dv|pswrwlfv rq d
pdqlirog zlwk vlqjxodu srlqwv1 E| wkh deryh/ zh duh lqwhuhvwhg lq d vlpsoh
hglwlrq ri wklv dojheud edvhg rq wkh vsdfhv zlwk dv|pswrwlfv ri Vhfwlrq 5181
Lq rughu wr jhw dv|pswrwlf uhvxowv/ lw lv qhfhvvdu| wr sxw vrph uhvwulfwlrqv rq
wkh v|perov lq txhvwlrq1 Wkh uhtxluhphqw rq d lv wkdw �d+�3�+orj (,> {> �� > �,
lv vprrwk xs wr ( @ 3 +fi1 +51914,,1 Vxfk lv wkh fdvh/ lq sduwlfxodu/ li �d lv
lqghshqghqw ri w forvh wr w @ 31

Wkh dojheud zlwk dv|pswrwlfv rq d pdqlirog zlwk vlqjxodu srlqwv vwduwv
zlwk rshudwruv ri wkh irup +51918,/ zkhuh wkh Irxulhu v|pero d+w> {> �> �, dqg
wkh 8 0v|pero k+w> }, duh frpsdwleoh lq wkh vhqvh ri Wkhruhp 519161 Rxu rs0
hudwru frqyhqwlrq +51917, grhv surgxfh dw rqfh vprrwklqj huuruv ri gl�huhqw
nlqg xqghu fkdqjlqj k+w> }, ru wkh fxw0r� ixqfwlrqv1 Lw lv zruwk srlqwlqj
rxw wkdw li zh dgg wr k+w> }, d v|pero kf+w> }, 5 F",JS+

�Un>P@r+F>�
3"

S, +[,,,
zkrvh srohv gr qrw phhw wkh uhihuhqfh olqh �3�/ wkhq wkh htxdolw| +51917,
lv vwloo wuxh1 Lq wklv zd| zh rewdlq zkdw zh vkdoo fdoo wkh vprrwklqj 8 0
rshudwruv/ e| dqdorj| zlwk vprrwklqj Phoolq rshudwruv +fi1 Vfkxo}h ^Vfk<7/
41716` ,1 Vlqfh wkh sdudphwul{ frqvwuxfwlrqv iru wkh w|slfdo hoolswlf gl�huhq0
wldo rshudwruv +51517, ohdg wr vprrwklqj 8 0rshudwruv/ lw lv dghtxdwh wr kdyh
wkhp iurp wkh yhu| ehjlqqlqj lq wkh fodvv1

Wr ghvfuleh pruh suhflvho| wkh vprrwklqj 8 0rshudwruv/ zh qhhg wkh
qrwlrq ri d zhljkw gdwxp iru dq dojheud zlwk dv|pswrwlfv1 E| vxfk d gdwxp
zh phdq dq| wulsoh z @ +�> �> +�o> 3`, frqvlvwlqj ri uhdo qxpehuv �> � 5 U

dqg d zhljkw lqwhuydo +�o> 3`/ o A 31

Wkh vprrwklqj 8 0rshudwruv xqghu d zhljkw gdwxp z @ +�> �> +�o> 3`,/
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o @ 4> 5> = = =/ duh gh�qhg wr eh rshudwruv ri wkh irup

V8 @ hEq3��BE|�
,3�[
�'f

h�BE|� rs8c�� +k�,> +51919,

zlwk k�+}, 5 P@r�+F>�
3"+[,,/ zkhuh k�+}, kdv qr srohv rq wkh zhljkw

olqh �3�� dqg � � m � �� � � iru doo m @ 3> 4> = = = > o� 41 Wkh odwwhu wzr frq0
glwlrqv hqvxuh/ e| Sursrvlwlrq 51616/ wkdw *f V8#f h{whqgv wr d frqwlqxrxv
olqhdu pdsslqj ri Krc�+F, $ K"cq+F,/ iru hdfk v 5 U1

Uhpdun 51917 Wkh devhqfh lq +51918, ri vprrwklqj 8 0rshudwruv zlwk
phurprusklf v|perov doorzv dfwlrqv rq vsdfhv zlwk duelwudu| zhljkwv � 5 U/
lq frqwudvw wr zkdw zh rewdlq e| dgglqj dq rshudwru ri wkh irup +51919,/
zklfk frqwdlqv phurprusklf lqjuhglhqwv dqg khqfh qdwxudo uhvwulfwlrqv rq
wkh zhljkwv1

Wkh rqo| srlqw uhpdlqlqj frqfhuqv wkh vprrwklqj huuruv surgxfhg e|
+51917, xqghu fkdqjlqj wkh sduwlwlrq ri xqlw| +*D,D'fc" rq wkh kdoi0olqh Un1
Wkhvh duh nqrzq dv wkh Juhhq rshudwruv dqg gh�qhg yld wkhlu pdsslqj
surshuwlhv1

Iru hdfk rshudwru D 5 O+Krc�+F,>K|cq+F,,/ zh fdq gh�qh wkh wudqvsrvh
D� dv dq hohphqw ri O+K3|c3q+F,> K3rc3�+F,, yld wkh qrq0ghjhqhudwh sdlu0
lqjv Krc�+F, � K3rc3�+F, $ F lqgxfhg e| wkh lqqhu surgxfw lq Kfcf+F,1
Qdpho|/ zh uhtxluh +Dx> �j,MfcfE�� @ +x> �D�j,MfcfE�� wr krog iru doo x> j 5
F"
SJ6R+F,1
Vlqfh zh duh djdlq dlphg dw wkh dqdo|vlv qhdu w @ 3/ zh vkdoo uhsodfh

K"cq
@r� +F, dqg K"c3�

@r�� +F, e| vxevsdfhv Vq
@r�+F, dqg V3�

@r��+F, uhvshfwlyho|/
zkhuh

Vq
@r�+F, @ $ K"cq

@r� +F, . +4� $, V+F,>
V3�@r��+F, @ $ K"c3�

@r�� +F, . +4� $, V+F,=
Khuh $+w, lv d fxw0r� ixqfwlrq dqg V+F, @ V+�Un> F"+[,,1 Lw lv hdvlo| vhhq
wkdw wkhvh qhz vsdfhv duh lqghshqghqw ri wkh frqfuhwh fkrlfh ri $1

Gh�qlwlrq 51918 Dq rshudwru J 5 _rM5O+Krc�+F,>K"cq+F,, lv vdlg wr
eh d Juhhq rshudwru zlwk uhvshfw wr d zhljkw gdwxp z @ +�> �> +�o> 3`,/ li
wkhuh duh dv|pswrwlf w|shv dv� 5 Dv +�> +�o> 3`, dqg dv�� 5 Dv +��> +�o> 3`,
vxfk wkdw

J 5 _rM5 O+Krc�+F,>Vq
@r�+F,,>

J� 5 _rM5 O+Krc3q+F,>V3�
@r��+F,,=

Wkhvh rshudwruv fdq eh fkdudfwhul}hg lq wkh iroorzlqj zd|= J lv d Juhhq
rshudwru zlwk dv|pswrwlf w|shv dv� dqg dv�� li dqg rqo| li J lv dq lqwhjudo
rshudwru zlwk d nhuqho lq Vq

@r�+F, aZV3�
@r��+F,1
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Wkh gl�huhqfh ehwzhhq d vprrwklqj 8 0rshudwru dqg d Juhhq rshudwru
lv wkdw wkh iruphu suhvhuyhv wkh dv|pswrwlfv ri wkh dujxphqw ixqfwlrq dqg
dggv vshfl�f rqhv/ zkhuhdv wkh odwwhu irujhw wkh ruljlqdo dv|pswrwlfv dqg
surgxfhv qhz rqhv1 Wkh uhdvrq iru wdnlqj o � 4 dv wkh xsshu vxppdwlrq
erxqg lq +51919, lv wkdw hEq3��BE|� h�BE|� rs8c�� +k�, lv d Juhhq rshudwru zlwk
uhvshfw wr d zhljkw gdwxp z @ +�> �> +�o> 3`,/ surylghg wkdw m � o1

Zh ohdyh lw wr wkh uhdghu wr fduu| ryhu wkh deryh orfdo uhvxowv wr wkh
zkroh pdqlirog [ e| xvlqj d idploldu dujxphqw lqyrnlqj d sduwlwlrq ri
xqlw| rq [ 1

Wr frpsohwh wkh frqvwuxfwlrq ri wkh dojheud zlwk dv|pswrwlfv rq d
vwuhwfkhg pdqlirog P/ zh fdq dujxh mxvw dv lq Vhfwlrq 5161 Jlyhq dq|
p 5 U dqg zhljkw gdwxp z @ +�> �> +�o> 3`,/ ohw Doj6+P> z, vwdqg iru wkh

vsdfh ri doo rshudwruv D = F"SJ6R+
�

P, $ G�+
�

P, ri wkh irup

D @ *fD8 #f . *"D5 #" . *f V8 #f .J> +5191:,

zkhuh

D8 lv dq rshudwru edvhg rq wkh wudqvirup 8 forvh wr wkh erxqgdu|/ dv rq
wkh uljkw0kdqg vlgh ri +51917,>

D5 lv d svhxgrgl�huhqwldo rshudwru ri rughu p lq wkh lqwhulru ri P/ zklfk
gl�huv iurp D8 / forvh wr wkh erxqgdu|/ e| d vprrwklqj rshudwru>

V8 lv d vprrwklqj 8 0rshudwru forvh wr wkh erxqgdu|/ dv lq +51919,> dqg

J lv d Juhhq rshudwru zlwk uhvshfw wr wkh zhljkw gdwd z/ gh�qhg yld lwv
pdsslqj surshuwlhv1

Wkh froohfwlrq ri doo wkh vsdfhv Doj6+P> z,/ zlwk p 5 U dqg zhljkw
gdwd z @ +�> �> +�o> 3`,/ lv wkh dojheud zlwk dv|pswrwlfv1 Dv iroorzv/
Krc�

@r +P, lv dq dghtxdwh fkrlfh ri grpdlqv iru wkh rshudwruv lq wklv dojheud1

Sursrvlwlrq 51919 Li D 5 Doj6+P> z,/ wkhq iru hdfk dv|pswrwlf w|sh
dv� 5 Dv +�> +�o> 3`, wkhuh lv dq dv|pswrwlf w|sh dv�� 5 Dv +�> +�o> 3`, vxfk
wkdw D kdv d frqwlqxrxv h{whqvlrq

D = Krc�
@r� +P, $ Kr36cq

@r�� +P, +5191;,

iru dq| v 5 U1

Surri1 Fi1 Wkhruhp 417175 lq Vfkxo}h ^Vfk<7`1
�

Wr vhh wkdw wkh dojheud zlwk dv|pswrwlfv lv dq _dojheud% lq wkh vhqvh
ri Vhfwlrq 516/ zh uhihu wkh uhdghu wr Vfkxo}h ^Vfk<7/ 415`1 Lw lv zruwk
phqwlrqlqj wkdw wkh rshudwruv *f V8 #f.J irup dq _lghdo% lq wklv dojheud1
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E| wkh deryh/ li wkh pdsslqj w :$ ( @ hBE|� lv F" xs wr w @ 3/ wkhq wkh
dojheud Doj6+P> z, mxvw frqvwuxfwhg lv dq h{whqvlrq ri wkh frqh dojheud
zlwk glvfuhwh dv|pswrwlfv +fi1 Vfkxo}h ^Vfk<7/ 415`, lq wkh vhqvh wkdw/ forvh
wr wkh vlqjxodu srlqwv/ wkh sxoo0edfn ri wkh odwwhu xqghu wkh pdsslqj ( lv
d surshu vxedojheud ri wkh iruphu1 Dv phqwlrqhg/ wkh qrup forvxuhv ri wkh
wzr frlqflgh1

Wkh v|pero �6
5
+D, frqwurov wkh lqwhulru hoolswlflw| ri rshudwru +5191:,1

Krzhyhu/ wkhuh lv |hw dqrwkhu v|perolf ohyho jlyhq e| wkh sulqflsdo frqru0
pdo v|pero �8 +D, +hovhzkhuh wklv lv uhihuuhg wr dv wkh rshudwru shqflo,1
Iru wkh w|slfdo gl�huhqwldo rshudwruv +51517,/ wklv lv gh�qhg e| �8 +D, +}, @S6

�'fD�+3,}
� 1 Iru wkh rshudwruv D rq wkh uljkw0kdqg vlgh ri +51918,/ zh

kdyh �8 +D, +}, @ k+3> },1 Lq wkh jhqhudo fdvh +5191:,/ dovr wkh frpsr0
qhqw kf+}, ri V8 lqyhvwv wr wkh sulqflsdo frqrupdo v|pero/ wkxv jlylqj
�8 +D, +}, @ k+3> }, . kf+},1 Jlyhq dq| �{hg } 5 �3�/ wkh sulqflsdo frqru0
pdo v|pero lv d svhxgrgl�huhqwldo rshudwru dorqj wkh edvh[ / ri rughup1 Lq
wklv zd| zh rewdlq d idplo| ri rshudwruv �8 +D, +}, = K

r+[, $ Kr36+[,/
v 5 U/ sdudphwul}hg e| } 5 �3�1

Gh�qlwlrq 5191: Dq rshudwru D 5 Doj6+P> z, lv vdlg wr eh hoolswlf li=

4, wkh lqwhulru v|pero ri D lv hoolswlf xs wr w @ 3>
5, �8 +D, +}, = K

r+[, $ Kr36+[, lv dq lvrprusklvp iru hdfk } 5 �3�
dqg v 5 U1

Lw iroorzv iurp wkh hoolswlf wkhru| rq forvhg frpsdfw pdqlirogv wkdw/ lq
frqglwlrq 5,/ zh pd| uhtxluh �8 +D, +}, wr eh dq lvrprusklvp iru dq| rqh
v 5 U1

Wkh nh| uhvxow lq wkh dojheud Doj6+P> z, fdq eh wkhq irupxodwhg dv
iroorzv1

Wkhruhp 5191; Li D 5 Doj6+P> z, lv hoolswlf/ wkhq iru hdfk dv|ps0
wrwlf w|sh dv� 5 Dv +�> +�o> 3`, wkhuh lv dq dv|pswrwlf w|sh dv�� 5 Dv +�> +�o> 3`,
vxfk wkdw wkh rshudwru +5191;, lv Iuhgkrop1

Surri1 Vhh Vfkxo}h ^Vfk<7/ 41515`1

�
Qr dwwhpsw kdv ehhq pdgh khuh wr h{whqg Wkhruhp 5191; wr duelwudu|

cfxvs* rshudwruv/ l1h1/ wkrvh zlwkrxw dgglwlrqdo uhvwulfwlrqv rq wkh uhjxodulw|
ri v|perov qhdu frqlfdo srlqwv1 Lw lv zruwk srlqwlqj rxw wkdw wkh choolswlflw|
frqglwlrq* ri d cfxvs* rshudwru D lv qhfhvvdu| dqg vx�flhqw lq rughu wkdw
D lqgxfh d Iuhgkrop rshudwru Krc�+P, $ Kr36cq+P, iru dq| rqh v 5 U

+dqg khqfh iru doo uhdo v,1 Wklv lv wkh wrslf ri rxu qh{w sdshu +fi1 ^UVW<:`,1
Zh mxvw phqwlrq wkdw wkh Iuhgkrop surshuw| lq zhljkwhg Vrerohy vsdfhv
zlwkrxw dv|pswrwlfv krogv iru doo hoolswlf cfxvs* rshudwruv zlwk v|perov
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vorzo| ydu|lqj forvh wr vlqjxodu srlqwv +lq sduwlfxodu/ iru rshudwruv zkrvh
v|perov duh vprrwk xs wr w @ 3,1 Rq wkh rwkhu kdqg/ wkh fodvv ri v|perov
xqghu vwxg| lv vx�flhqw iru wkh sxusrvhv ri lqgh{ wkhru| ehfdxvh d idploldu
dujxphqw vkrzv wkdw hdfk hoolswlf cfxvs* rshudwru zlwk frh�flhqwv vprrwk
xs wr w @ 3 lv krprwrslf lq wkh fodvv ri hoolswlf rshudwruv wr dq rshudwru
zlwk frh�flhqwv frqvwdqw lq d qhljkerukrrg ri hdfk frqlfdo srlqw1

� W?_i uLh4�*@

��� ��ih��i�

Ohw u @ �+w, eh d gl�hrprusklvp ri dq lqwhuydo W @ +d> e, rqwr wkh zkroh
d{lv U1 Zh dvvxph wkdw ��+w, A 3 iru doo w 5 W 1

Lq wklv fkdswhu zh frqvlghu d vshfldo fdvh ri 8 0svhxgrgl�huhqwldo rshu0
dwruv rq wkh vwuhwfkhg frqh F @ �W �[ / zkrvh edvh [ lv d vprrwk frpsdfw
pdqlirog ri glphqvlrq q zlwkrxw erxqgdu|1 Wkhvh rshudwruv kdyh wkh irup

+Dx,+w, @

�
4

5�

�
2 ]

K
g}

]
A

h�EBE|�3BE|
���5 d+w> }, x+w�, gp+w�,> +61414,

zkhq gh�qhg rq ixqfwlrqv x 5 F"SJ6R+W>F
"+[,,1 Wkh zhljkw olqh � pd|

eh dq| krul}rqwdo olqh �3� @ i} 5 F = lp } @ ��j lq wkh frpsoh{ sodqh1
Zh pd| dvvxph zlwkrxw orvv ri jhqhudolw| wkdw � frlqflghv zlwk wkh uhdo
d{lv �f +fi1 +51614,,1

Wkh rshudwru0ydoxhg v|pero d+w> }, lv dvvxphg wr vdwlvi| wkh iroorzlqj
frqglwlrqv=

� d+w> }, 5 F",JS+W>�
6
S, +[> �,, lv _vx�flhqwo|% vprrwk xs wr wkh hqg0

srlqw w @ d ri W lq wkh vhqvh wkdw d+�3�+orj (,> }, lv F" xs wr ( @ 3>

� d+w> }, lv lqghshqghqw ri w forvh wr wkh hqgsrlqw w @ e ri W / pruh
suhflvho|/ d+w> }, @ d+e�> }, iru w 5 +F> e,/ zlwk d ? F ? e>

� iru w 5 ^d> f,/ zlwk d ? f ? F/ wkh v|pero d+w> }, dgplwv dq dqdo|wlf
frqwlqxdwlrq wr vrph vwuls i} 5 F = mlp } . �m ? %j dqg rq hdfk olqh
�3k lw lv d sdudphwhu0ghshqghqw svhxgrgl�huhqwldo rshudwru ri rughu
p rq [ / xqlirupo| lq � 5 ^� � �> � . �`/ � ? %1

E| wkh deryh/ rshudwruv +61414, duh ri juhdw lpsruwdqfh iru wkh fdofxoxv
ri svhxgrgl�huhqwldo rshudwruv rq pdqlirogv zlwk vlqjxodu srlqwv1 Khuh zh
uhvwulfw rxu dwwhqwlrq wr wkh prgho fdvh zkhuh wkh vlqjxodu pdqlirog lv dq
lq�qlwh vwuhwfkhg frqh dqg wkh rshudwru pd| eh zulwwhq joredoo| yld wkh
8 0wudqvirup1 Vlqfh wkh v|pero ehkdyhv zhoo forvh wr wkh hqgsrlqwv ri W /
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lw iroorzv iurp Sursrvlwlrq 51616 wkdw D h{whqgv wr d frqwlqxrxv olqhdu
rshudwru Dr = Krc�+F, $ Kr36c�+F,/ iru hdfk v 5 U1

Wkurxjkrxw wklv fkdswhu zh dvvxph wkdw p � 31 Lq sduwlfxodu/ zh qhhg
wkh iroorzlqj frqfhsw ri hoolswlf rshudwruv ri rughu 3 +fi1 Gh�qlwlrq 5191:,1

Gh�qlwlrq 61414 Dq rshudwru D ri rughu 3 lv fdoohg hoolswlf li lwv v|pero
vdwlv�hv wkh iroorzlqj frqglwlrqv=

4, iru hdfk w 5 W / wkh v|pero d+w> }, lv d sdudphwhu0ghshqghqw hoolswlf
rshudwru rq [ zlwk sdudphwhu } 5 �>

5, d+w> }, lv lqyhuwleoh iru hdfk w 5 ^d> f, dqg hdfk } lq wkh vwuls i} 5 F =
mlp } . �m ? %j> dqg

6, d+e�> }, @ 4/ zkhuh 4 vwdqgv iru wkh lghqwlw| rshudwru rq [1

Zkhq frpsduhg zlwk Gh�qlwlrq 5191:/ wklv lqfoxghv dq dgglwlrqdo dv0
vxpswlrq 6, zklfk lv frqqhfwhg zlwk wkh h{lw frqglwlrq rq wkh lq�qlwh
vwuhwfkhg frqh F +fi1 Vfkxo}h ^Vfk<7/ 41516`,1

Zh suryh lq Vhfwlrq 618 wkdw hoolswlflw| lpsolhv wkh h{lvwhqfh ri d sdudphwul{
iru D/ l1h1/ dq lqyhuvh xs wr vprrwklqj rshudwruv ri wudfh fodvv1 Wkh lp0
sruwdqw srlqw wr qrwh khuh lv wkh irup ri wkh sdudphwul{/ zklfk lv djdlq dq
hoolswlf rshudwru ri rughu 31 Wkxv/ wkh nhuqho dqg wkh frnhuqho ri wkh rs0
hudwru Dr duh dfwxdoo| lqghshqghqw ri v1 Pruhryhu/ d idploldu dujxphqw ri
ixqfwlrqdo dqdo|vlv |lhogv wkdw wkh pdsslqj Dr lv Iuhgkrop iru hdfk v 5 U1
Khqfh/ iru hyhu| hoolswlf svhxgrgl�huhqwldo rshudwru D ri rughu }hur/ zh pd|
gh�qh lwv lqgh{ yld lqgD @ glpnhuDr � glp frnhuDr1

Lq rughu wr hydoxdwh wkh lqgh{ ri D/ d edvlf revhuydwlrq lv wkdw wkh
hoolswlflw| frqglwlrqv lpso| wkdw wkh Iuhgkrop idplo| d+w> },/ sdudphwul}hg
e| +w> }, 5 W � �/ lv wulyldo rxwvlgh d frpsdfw vhw lq W � � e +vhh Ilj1 614,1
Wkhuhiruh lw gh�qhv dq lqgh{ exqgoh lqgd 5 NSJ6R+W � �,/ zkhuh NSJ6R

phdqv N0ixqfwru zlwk frpsdfw vxssruw +fi1 Dwl|dk dqg Vlqjhu ^DV:4`,1
Wkh Fkhuq fkdudfwhu ri wklv exqgoh lv uhsuhvhqwhg e| d forvhg gl�huhqwldo
iurp ri frpsdfw vxssruw/ dqg zh suryh wkh iroorzlqj uhvxow1

Wkhruhp 61415 Iru dq| hoolswlf rshudwru +61414,/ zh kdyh

lqgD @

] ]
AfK

fk +lqgd,= +61415,

Wkh surri ri +61415, iroorzv wkh vfkhph ghyhorshg lq Ihgrvry ^Ihg:7`1
Lw frqvlvwv lq frpsdulqj wkuhh h{suhvvlrqv=

� dqdo|wlfdo lqgh{

lqgD @ wu +4� SD,� wu +4�DS ,>

zkhuh S lv d sdudphwul{ ri D xs wr d wudfh fodvv rshudwru>

eA�@| �tc @E|c 5� �t �?�ih|�M*i�
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!

�

491337813344913381335 4:133813364:133781337 4;1337813384;13381339 4<133813

Ilj1 614= Wkh grpdlq ri lqyhuwlelolw| ri dq hoolswlf v|pero1

� dojheudlf lqgh{

lqgd @ wu +4� s � d,� wu +4� d � s,>
zkhuh s lv d irupdo frpsohwh v|pero ri S dqg � phdqv d frpsrvlwlrq
ri irupdo frpsohwh v|perov +Ohleql} surgxfw,> dqg

� wrsrorjlfdo lqgh{ jlyhq e| wkh uljkw0kdqg vlgh ri +61415,1

Wkh prvw lpsruwdqw vwhs lv wudqvlwlrq iurp wkh dqdo|wlfdo lqgh{ wr wkh
dojheudlf rqh/ ru/ xvlqj wkh whuplqrorj| ri Ihgrvry ^Ihg:7`/ wkh Wkhruhp
rq d Uhjxodul}hg Wudfh ri Surgxfw1 Wkh wudqvlwlrq iurp wkh dojheudlf lqgh{
wr wkh wrsrorjlfdo rqh lv edvhg rq wkh pdfklqhu| ghyhorshg e| Ihgrvry
^Ihg:;`1 Qdpho|/ zh suryh wkdw

lqgd @
4

5�l

] ]
AfK

wu +sfgd a sfgd. gsf a gd, > +61416,

zkhuh sf+w> }, lv d srlqw0zlvh sdudphwul{ iru d+w> },/ vxfk wkdw erwk 4� sfd
dqg 4� dsf duh wudfh fodvv rshudwruv/ iru dq| +w> }, 5 W � �/ dqg sf @ d3�

rxwvlgh d frpsdfw vxevhw ri W � �1 Wkhq/ +61415, lv d frqvhtxhqfh ri wkh
idfw wkdw wkh lqwhjudqg lq +61416, uhsuhvhqwv wkh Fkhuq fkdudfwhu ri lqg d lq
whupv ri d dqg sf +fi1 Ihgrvry ^Ihg:;`,1

Ohw xv phqwlrq vrph sduwlfxodu fdvhv ri Wkhruhp 614151 Li W @ U/
�+w, @ w dqg d+w> }, @ 4 dzd| iurp d �qlwh lqwhuydo lq U/ wkhq +61415, iroorzv
iurp wkh Dwl|dk0Vlqjhu wkhruhp rq wkh lqgh{ ri d idplo| ri hoolswlf rshudwruv
+fi1 ^DV:4`, dqg wkh Dwl|dk0Vlqjhu Lqgh{ Wkhruhp +fi1 ^DV9;d/ DV9;e`,1
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Wklv irupxod jrhv edfn wr wkh zrun ri Oxnh ^Oxn:5`1 \hw dqrwkhu fdvh
fruuhvsrqgv wr W @ Un dqg �+w, @ orj w +l1h1/ frqlfdo vlqjxodulwlhv,1 Lq wklv
vlwxdwlrq wkh Dwl|dk0Vlqjhu wkhruhp iru idplolhv lv qr orqjhu dssolfdeoh/ dqg
irupxod +61415, lv gxh wr Ihgrvry dqg Vfkxo}h ^IV<9` +fi1 dovr Urvhqeoxp
^Urv<9` iru dqrwkhu surri,1

��2 Ah@Ui it|�4@|it uLh hi4@�?_iht

Lq wkh vhtxho/ zh qhhg d vshfldo rughu uhgxfwlrq �r+�, rq [ zklfk dgplwv
dq dqdo|wlf h{whqvlrq lq � wr wkh vwuls mlp�. �m ? 4 dqg lq v wr wkh zkroh
frpsoh{ sodqh F1 Wr frqvwuxfw vxfk dq rughu uhgxfwlrq/ zh frqvlghu wkh
ixqfwlrq

+4 . �2,
r

2 @ h
r

2
*L}E�nl2�

iru mlp �m ? 4 dqg v 5 F/ dvvxplqj wkdw wkh eudqfk ri orj+4.�2, lq wkh vwuls
mlp �m ? 4 lv uhdo dw � 5 �f1 Vlqfh 4. �2 @ 4. +?�,2� +lp �,2.5l?� lp �/
wkh ixqfwlrq +4 . �2,

r

2 lv zhoo0gh�qhg dqg krorprusklf lq �/ ehorqjlqj wr
wkh vwuls mlp �m ? 4/ dqg lq v 5 F1

Ohppd 61514 Iru dq| U A 3 wkhuh h{lvwv d frqvwdqw f/ ghshqglqj rqo|
rq U/ vxfk wkdw

m+4 . �2,
r

2 m � f +4 . m�m2,^r2
zkhqhyhu mlp �m ? 4 dqg mlp vm � U1

Surri1 Lqghhg/ vlqfh duj+4 . �2, ? � iru doo � lq wkh vwuls mlp �m ? 4/
zh jhw

m+4 . �2,
r

2 m @ h
^r

2
*L} ��nl2�3 �4 r

2
@h}E�nl2�

� h
-

2
Z +4 . m�m2,^r2 >

dv ghvluhg1
�

Qrz/ ohwwlqj � ghqrwh wkh Odsodfh0Ehowudpl rshudwru rq [/ zh vhw

�r+}, @ +4 . +} . l�,2 ��,
r

2 +61514,

iru mlp } . �m ? 4 dqg v 5 F1 D frpsoh{ srzhu lv xqghuvwrrg lq wkh vhqvh
ri hoolswlf wkhru| +fi1 Vhhoh| ^Vhh9:`,1 Wklv idplo| lv krorprusklf lq } dqg
v ehorqjlqj wr wkh phqwlrqhg vwulsv1

Ohw xv uhwxuq wr wkh v|perov d+w> }, ri rshudwruv +61414, xqghu frqvlg0
hudwlrq1 Lq zkdw iroorzv/ zh wdflwo| dvvxph wkdw wkhvh v|perov duh _vx�0
flhqwo|% vprrwk xs wr w @ d dqg lqghshqghqw ri w forvh wr wkh hqgsrlqw e
ri W 1
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Ohppd 61515 Ohw d+w> }, 5 F",JS+W>�
6+[> �,,/ zkhuh p � 31 Vxssrvh

wkdw d+e�> }, @ 31 Wkhq

n8 |p<ld+w> },nnEu2Ef�� � f +4 . m�m2,3 �

2 +4 . m}m2,62 > m 5 ]n>

iru } 5 � dqg � 5 �3q/ � ? 3/ zlwk f d frqvwdqw ghshqglqj rqo| rq m dqg
�1

Surri1 Wkh lqwhjudo

8 |p<ld+w> }, @
4

5�

]
A

h3�lBE|�d+w> }, gp+w,

@

]
"

f
(3�l d+�3�+orj (,> },

g(

(

frqyhujhv lq wkh xsshu kdoi0sodqh lp � A 31 Pruhryhu/ iru lp � A 3/ zh
kdyh

8 |p<ld+w> }, @
4

��
8 |p<l+(

�d+w> },,> m @ 4> 5> = = = >

zkhuh 8 |p<l+(
�d+w> },, lv krorprusklf iru lp � A 31

Wkxv/ li � 5 �3q zlwk � ? 3/ wkhq

n8 |p<ld+w> },nnEu2Ef��

� m�m3�
] eBE��

f
(3q n(�d+�3�+orj (,> },nnEu2Ef��

g(

(
> +61515,

zkhuh F 5 W lv vxfk wkdw d+w> }, @ 3 iru w A F1 Zh qrz lqyrnh wkh frqglwlrq
wkdw/ iru �{hg w 5 W / wkh ghulydwlyh (�d+�3�+orj (,> }, lv d sdudphwhu0
ghshqghqw svhxgrgl�huhqwldo rshudwru ri rughu p � 3 rq [1 Khqfh lw
iroorzv wkdw

n(�d+�3�+orj (,> },nnEu2Ef�� � frqvw +m> F, +4 . m}m2,62

iru doo ( 5 +3> hBE��` dqg } 5 � +fi1 Vkxelq ^Vkx;:`,1 Vxevwlwxwlqj wklv
hvwlpdwh lqwr +61515v,/ zh rewdlq wkh ghvluhg frqfoxvlrq1

�
D voljkw fkdqjh lq wkh surri dfwxdoo| vkrzv wkdw li p ? �?

2 / wkhq
8 |p<ld+w> }, lv d Kloehuw0Vfkplgw rshudwru lq O2+[, dqg lwv Kloehuw0Vfkplgw
qrup n � n2 vdwlv�hv

n8 |p<ld+w> },n2 � frqvw +m> �, +4. m�m2,3 �

2 +4. m}m2,
6n?

2
2 > m 5 ]n> +61516,

iru doo } 5 � dqg � 5 �
3q/ � ? 31
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Ilqdoo|/ li p ? �q/ wkhq wkh rshudwru 8 |p<ld+w> }, lv ri wudfh fodvv lq
O2+[, dqg lwv wudfh qrup n � n� vdwlv�hv dq hvwlpdwh

n8 |p<ld+w> },n� � frqvw +m> �, +4 . m�m2,3 �

2 +4 . m}m2,6n?2 > m 5 ]n> +61517,

zkhqhyhu } 5 � dqg � 5 �
3q / � ? 31

Jlyhq dq| wzr v|perov d+w> }, dqg s+w> }, lq
F",JS+W>�

u+[> �,,/ zh vhw

s � dmg @
g3�[
&'f

4

n$
+C@C},&s+w> },(&d+w> },> N @ 4> 5> = = = +61518,

+lq wklv zd| zh rewdlq zkdw lv nqrzq dv wkh Ohleql} surgxfw,1
Zh zloo zulwh dq rshudwru rs8c� +d, vlpso| rs +d, zkhq qr frqixvlrq fdq

dulvh1 Zlwk wkhvh qrwdwlrqv wkh pdlq uhvxow ri wklv vhfwlrq lv dv iroorzv1

Wkhruhp 61516 Ohw

d+w> }, 5 F",JS+W>�
6+[ > �,,> p � 3>

s+w> }, 5 F",JS+W>�
�+[ > �,,> ' � 3>

dqg ohw erwk d+w> }, dqg s+w> }, ydqlvk dw w @ e1 Wkhq/ iru N odujh hqrxjk/
wkh rshudwru Ug @ rs +s, rs +d, � rs +s � dmg, dv dq rshudwru lq wkh vsdfh
Kfc�+F, lv ri wudfh fodvv1

Surri1 Fkrrvh d sduwlwlrq ri xqlw| +!@> !�> !K, rq W lq vxfk d zd| wkdw

!@ @ 4 rq +d> f�,> vxss!@ � +d> f��,>
vxss!� � +f�> f,>

!K @ 4 rq +f> e,> vxss!K � +f���> e,>

zkhuh d ? f� ? f�� ? f��� ? f ? e1 Lw iroorzv wkdw wkh vxssruwv ri !@ dqg !K
gr qrw phhw hdfk rwkhu +vhh Ilj1 615,1

Wkhq dq| rshudwru rs +d, pd| eh uhsuhvhqwhg dv wkh vxp

rs +d, @
[
D

rs +!Dd,>

wkh v|perov !@+w, d+w> }, dqg !�+w, d+w> }, ehlqj krorprusklf lq } ehorqjlqj
wr wkh vwuls i} 5 F = mlp } . �m ? %j1 Khqfh lw iroorzv wkdw wkh rshudwru
Ug lv wkh vxp

Ug @
[
>cD

rs +!>s, rs +!Dd,� rs ++!>s, � +!Dd,mg,> +61519,

dqg zh frqvlghu vhyhudo fdvhv dffruglqj wr wkh ydoxhv ri �/ �1

8;
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!

�

713363133449133631335 5313363133657133631337 5;13363133887133631339

!

d

Ilj1 615= Wkh sduwlwlrq ri xqlw| +!@> !�> !K, rq W 1

Fdvh 4 +�> � 9@ d, Lq wklv fdvh wkh vxssruwv ri v|perov !>s dqg !Dd
duh erxqghg dzd| iurp w @ 31 Wkh 8 0fdofxoxv ri vxfk rshudwruv rq wkh
lqwhuydo W pd| eh uhgxfhg wr wkh xvxdo Irxulhu fdofxoxv ri svhxgrgl�huhqwldo
rshudwruv rq wkh zkroh uhdo d{lv e| wkh fkdqjh ri yduldeohv w @ �3�+u,1
Lqghhg/ htxdolw| +61414, wudqvirupv wr

Dx +�3�+u,, @
4

5�

]
K
g}

]
"

3"

h�Eo3o
��5 d+�3�+u,> }, x+�3�+u�,, gu�> u 5 U>

dqg wkh Ohleql} surgxfw ri wzr v|perov ehfrphv

s � dmg @
g3�[
&'f

4

n$
+C@C},&s+�3�+u,> }, +

4

l
C@Cu,&d+�3�+u,> },>

zklfk lv wkh xvxdo frpsrvlwlrq uxoh iru Irxulhu svhxgrgl�huhqwldo rshudwruv1
Wkh v|perov

!>+�
3�+u,, s+�3�+u,> },>

!D+�
3�+u,, d+�3�+u,> },

kdyh frpsdfw vxssruwv lq u/ vr wkh wkhruhp iroorzv iurp wkh xvxdo fdofxoxv
ri svhxgrgl�huhqwldo rshudwruv +fi1 Ihgrvry ^Ihg:7`,1

Fdvh 5 +� @ e> � @ d, Lq wklv fdvh +!>s, � +!Dd,mg @ 3/ iru wkh vxssruwv
ri !@ dqg !K gr qrw phhw hdfk rwkhu1 Frqvhtxhqwo|/ zh qhhg wr suryh wkdw
wkh rshudwru

rs +!Ks, rs +!@d, @ rs +!Ks, !@ rs +d,

lv ri wudfh fodvv D1

DA��t �t hiuihhi_ |L @t |�i Tti�_L*LU@*�|) ThLTih|)�

8<



DPL Yro16/ 4<<;Qr14/4<<< E Vfkxo}h/ Q1 Q1 Wdunkdqry .

Wkh rshudwru rs +d, lv erxqghg lq Kfc�+F,/ iru lwv rughu p lv qrq0
srvlwlyh/ dqg khqfh lw vx�fhv wr suryh wkdw rs +!Ks, !@ ehorqjv wr wudfh
fodvv1 Wr wklv hqg/ zh uhsuhvhqw lw dv d frpsrvlwlrq

Kfc�+F, �$ Kfc�n"+F, /$ Kfc�+F,> +6151:,

zlwk vrph lqwhjhu v A ?n�
2 dqg vrph � A 3/ dqg vkrz wkdw erwk rshud0

wruv lq +6151:, duh Kloehuw0Vfkplgw rshudwruv1 Wkh vhfrqg rshudwru lv dq
hpehgglqj1

Wkh iroorzlqj ohppd lv d nlqg ri wkh Uhoolfk Hpehgglqj Wkhruhp iru
wkh vsdfhv Krc�+F,1

Ohppd 61517 Li v A ?n�
2 dqg � A 3/ wkhq wkh hpehgglqj

Kfc�n"

E@c�o +F, /$ Kfc�+F,>

zkhq frqvlghuhg rq wkh vxevsdfh ri ixqfwlrqv x 5 Krc�n"+F, zkrvh vxssruwv
ehorqj wr dq lqwhuydo +d>D` � W / lv d Kloehuw0Vfkplgw rshudwru1

Surri1 Vxssrvh �uvw x 5 F",JS+W>F
"+[,, kdv d frpsdfw vxssruw lq

wkh lqwhuydo +d>D`1 Vlqfh

m}� h�5BE��8x+},m @

���� 45�
] �

@

h�5EBE��3BE|��(�x+w, gp+w,

����
� 4

5�

] �

@

hqEBE��3BE|�� m(�x+w,m gp+w, iru lp } � ��>

zh ghgxfh wkdw h�5BE�� 8x+}, lv dq hqwluh ixqfwlrq udslgo| ghfuhdvlqj lq hdfk
kdoi0sodqh lp } � ��/ zkhuh � 5 U1

Wkh qrup ri x+w, lq wkh Vrerohy vsdfh Krc�n"+F, lv htxdo wr wkh O20qrup
ri �r+},8x+}, rq wkh olqh �3�3"1 Khuh �r+}, lv wkh rughu0uhgxflqj idplo|
jlyhq e| +61514,1 Wkh qrup ri x+w, lq Kfc�+F, lv htxdo wr wkh O20qrup ri
wkh uhvwulfwlrq ri 8x+}, wr wkh olqh �3�1 Dsso|lqj wkh Fdxfk| irupxod
wr wkh ixqfwlrq h�5BE�� 8x+}, lq wkh kdoi0sodqh lp } � �� � �/ zh vhh wkdw
wkh uhvwulfwlrqv ri 8x+}, wr �3�3" dqg �3� duh frqqhfwhg e| wkh Fdxfk|
lqwhjudo

8x+�, @
4

5�l

]
K
3�3"

h�E53l�BE��

} � �
8x+}, g}> +6151;,

iru � 5 �
3�1

Vhwwlqj y @ 83�
3�3"�

r+},8x/ zh uhzulwh +6151;, lq wkh irup

8x+�, @
4

5�l

]
K
3�3"

h�E53l�BE��

} � �
�3r+},8 y+}, g}> � 5 �

3� =
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Wklv rshudwru dfwv ehwzhhq O20vsdfhv rq wkh olqhv �
3�3" dqg �

3� dqg lwv
Kloehuw0Vfkplgw qrup lv htxdo wr wkh O20qrup ri lwv Vfkzduw} nhuqho

N+�> }, @
h�E53l�BE��

} � �
�3r+},

zklfk lv dq rshudwru0ydoxhg ixqfwlrq1
Iru v A ?

2 / zh pd| hvwlpdwh wkh Kloehuw0Vfkplgw qrup ri wkh rshudwru
�3r+}, lq O2+[, e|

n�3r+},n2 � m4 . +} . l�,2m
3rn?

2
2 > } 5 �

3�3"

+fi1 +61516,,1 Khqfh lw iroorzv wkdw

nN+�> },n22 �
h2"BE��

+?� �?},2 . �2
m4 . +?} � l�,2m3rn?

2

iru � 5 �
3� dqg } 5 �

3�3"1 Lqwhjudwlqj wklv ryhu ?� dqg ?} dqg xvlqj wkdw
�v. ?

2 ? ��
2 / zh rewdlq wkdw wkh O20qrup ri N+�> }, lv �qlwh/ zkhqfh wkh

ohppd iroorzv1
�

Wr suryh wkdw wkh rshudwru S lq +6151:, lv d Kloehuw0Vfkplgw rshudwru/
zh xvh wkh idfw wkdw wkh surgxfw !K+w,!@+w

�, ydqlvkhv rq wkh gldjrqdo w @ w�1
Vr/ zulwlqj

h�EBE|�3BE|���5 @ +�+w,� �+w�,,3g+�l C@C},gh�EBE|�3BE|���5

iru dq| N 5 ]n dqg lqwhjudwlqj e| sduwv/ zh uhsuhvhqw S dv dq lqwhjudo
rshudwru

Sx +w, @
4

5�

]
K
g}

]
A

� h�EBE|�3BE|���5 !K+w,!@+w
�,
+lC@C},gs+w> },

+�+w,� �+w�,,g

s
��+w�,h�BE|

�� y+w�,gw�>

zkhuh y @
s
��h3�Bx ehorqjv wr O2+W>O2+[,, li x 5 Kfc�+F,1 Wkh lqfoxvlrq

Sx 5 Krc�n"+F, iru d qrq0qhjdwlyh lqwhjhu v phdqv wkdw/ jlyhq dq| m @
3> 4> = = = > v dqg dq| gl�huhqwldo rshudwru D� ri rughu v� m rq [ / zh kdyh

s
��h3E�n"�B D�(

� Sx 5 O2+W>O2+[,,=

Wklv rshudwru/ zkhq dfwlqj rq y @
s
��h3�Bx/ kdv wkh Vfkzduw} nhuqho

N+w> w�, @
4

5�

]
K

s
��+w,h3E�n"�BE|�

� (�
|

�
h�EBE|�3BE|���5 !K+w,!@+w

�,
D� +lC@C},

gs+w> },

+�+w,� �+w�,,g

�s
��+w�,h�BE|

��g}>

+6151<,
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dqg zh duh jrlqj wr hvwlpdwh wkh O20qrup ri wklv nhuqho1 Pruh suhflvho|/
rxu remhfwlyh lv wr suryh wkdw] ]

AfA

nN+w> w�,n22 gwgw� ? 4>

wkh lqwhjudwlrq ehlqj lq idfw ryhu w 5 +f���> F, dqg w� 5 +d> f��,1
Wr gr wklv/ zh revhuyh wkdw

(�
| h

�EBE|�3BE|���5 @ }� h�EBE|�3BE|���5

dqg
mh�EBE|�3BE|���5m @ h�EBE|�3BE|���

iru } 5 �1 Pruhryhu/���(�
|

�
!K+w,D� +lC@C},

gs+w> },
����

2
� frqvw +m> F, +4 . m}m2,

�3gn?
2

2 >

wkh frqvwdqw ehlqj lqghshqghqw ri w 5 ^f���> F` +fi1 +61516,,1 Wdnlqj lqwr
dffrxqw wkdw !K+w,!@+w

�, ydqlvkhv lq d qhljkerukrrg ri wkh gldjrqdo w @ w�/
zh pd| hvwlpdwh wkh Kloehuw0Vfkplgw qrup ri wkh lqwhjudqg lq +6151<, dv

s
��+w, h3"BE|� m}m� +4 . m}m2,

�3gn?
2

2

+4 . m�+w,� �+w�,m,g
s
��+w�,

�
s
��+w, h3"BE|�

+4 . m}m2,
�3gn?

2
nr

2

+4 . m�+w,� �+w�,m,g
s
��+w�, +615143,

xs wr d frqvwdqw/ xqlirupo| lq } 5 �/ +w> w�, 5 +f���> F,� +d> f��, dqg m � v1
Li N lv odujh hqrxjk/ wkhq wkh lqwhjudo ri +615143, ryhu } 5 � frqyhujhv

dqg zh rewdlq

nN+w> w�,n2 � frqvw +N,
s
��+w, h3"BE|�

4

+4 . m�+w,� �+w�,m,g
s
��+w�,

iru doo +w> w�, 5 +f���> F, � +d> f��,1 Wkxv/ iru wkh O20qrup ri nN+w> w�,n2 zh
rewdlq dq hvwlpdwh] ]

AfA

nN+w> w�,n22 gwgw�

� frqvw +N,

] �

S���
g�+w,

] S��

@

h32"BE|�

+4 . m�+w,� �+w�,m,2g g�+w�,

@ frqvw +N,

] BE��

BES����
gu

] BES���

3"

h32"o

+4 . mu � u�m,2g gu�

? 4>
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surylghg wkdw N � 41 Wklv suryhv Fdvh 51
Fdvh 6 +�> � @ d> l, Wklv lv wkh prvw gl�fxow fdvh1 Khuh zh zloo pdnh xvh

ri wkh idfw wkdw erwk !>+w, s+w> }, dqg !D+w, d+w> }, duh krorprusklf ixqfwlrqv
lq wkh vwuls i} 5 F = mlp } . �m ? �j1 Wr vkruwhq qrwdwlrq/ zh rplw wkh
idfwruv !>+w, dqg !D+w, lqfoxglqj wkhp lqwr s+w> }, dqg d+w> },1

Iru x 5 F"SJ6R+W>F
"+[,,/ zh kdyh

Dx +w, @ rs +d,x +w,

@
4

5�

]
K3k

h�BE|�5 d+w> },8x+}, g}>

zkhuh �
3k pd| eh dq| krul}rqwdo olqh zlwk � � % ? � ? � . %1 Jlyhq dq|

� 5 F zlwk lp � A ��/ lw iroorzv wkdw

8 |p<lDx @
4

5�

]
K
3k

�
4

5�

]
A

h3�El35�BE|� d+w> }, gp+w,

�
8x+}, g}

@
4

5�

]
K
3k

8d+� � }> },8x+}, g}

+fi1 Ohppd 61515,1 Lq pxfk wkh vdph zd| iru 8 +SDx, zh rewdlq

8 |p<�SDx @
4

+5�,2

]
K
3q

g�

]
K
3k

8 s+z � �> �,8d+� � }> },8x+}, g}>

+615144,
zlwk lpz A �� A ��1 Dqdo|vlv vlplodu wr wkdw lq wkh surri ri Ohppd
61515 vkrzv wkdw wkh lqwhjudo lq +615144, frqyhujhv1

Qrz/ xvlqj wkh Wd|oru irupxod/ zh zulwh

8 s+z � �> �, @
g3�[
&'f

4

n$
+C@C},&8 s +z � �> }, +� � },& .Ug8 s +� � },g >

+615145,
zkhuh

Ug8 s +z � �> �> }, @

] �

f

+4� �,g3�

+N � 4,$
8 +C@C},gs +z � �> } . �+� � },, g�=

+615146,
E| Ohppd 41714/ wkh uhjxodu whupv lq +615145, diwhu vxevwlwxwlrq lqwr +615144,
dqg lqwhjudwlrq ryhu � jlyh

4

5�

]
K
3q

+C@C},&8 s +z � �> }, +� � },& 8 d+� � }> }, g�

@
4

5�

]
K
3q

8 +C@C},&s +z � �> },8(&d+� � }> }, g�

@ 8 |p<�35

�
+C@C},&s+w> },(&d+w> },

�
>
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wkxv uhvxowlqj lq rs +s � dmg,x1 Khqfh wkh rshudwru Ug fruuhvsrqgv wr wkh
uhpdlqghu whup lq +615145,/ l1h1/

8 |p<�Ugx @
4

+5�,2

]
K
3q

g�

]
K
3k

Ug8 s +z��> �> },8(gd +��}> },8x+}, g}=

+615147,
Li N � 4/ wkhq wkh ixqfwlrq 8(gd +� � }> }, lv krorprusklf lq � eh0

orqjlqj wr wkh kdoi0sodqh lp � A �� � 4/ iru d+�3�+orj (,> }, lv F" xs wr
( @ 3 +fi1 +61515,,1 Khqfh lw iroorzv wkdw wkh lqwhjudwlrq olqh �3q pd| eh
vkliwhg duelwudulo| zlwklq wkh vwuls mlp � . �m ? %1 Wkxv/ wkh dvvxpswlrq
lpz A �� A �� lv qhhghg qr orqjhu/ dqg wkh rqo| uhtxluhphqw uhpdlqlqj
lv lpz A ��1 Lw zloo eh frqyhqlhqw wr wdnh

�� ? lpz � ��= +615148,

Wr suryh wkdw +615147, ehorqjv wr wkh wudfh fodvv/ zh djdlq uhsuhvhqw lw
dv wkh frpsrvlwlrq ri wzr Kloehuw0Vfkplgw rshudwruv

Kfc�+F, +k$ Krc�n"+F, /$ Kfc�+F,
iru vrph v A ?n�

2
/ zklfk pd| eh wdnhq dv dq hyhq lqwhjhu/ dqg vrph � A 31

Wkh vhfrqg rshudwru lq wklv vhtxhqfh lv dq hpehgglqj1 E| Ohppd 61517/
wkh zhljkw jdlq � lv qhfhvvdu| wr kdyh d Kloehuw0Vfkplgw hpehgglqj1 Qrz/
zh fkrrvh � @ �/ lpz @ �� � � dqg � . � ? � ? � . % lq +6=5=48,1

Ohppd 61518 Vxssrvh v lv d qrq0qhjdwlyh hyhq lqwhjhu1 Wkhq wkh rs0
hudwru

Ug = Kfc�+F, $ Krc�n"+F,
lv d Kloehuw0Vfkplgw rshudwru surylghg N lv vx�flhqwo| odujh1

Surri1 Wkh dvvxpswlrq wkdw v lv dq hyhq lqwhjhu vhuyhv rqo| wr vlpsoli|
wkh surri1 Xvlqj uhsuhvhqwdwlrq +615147, iru Ug / zh kdyh wr hydoxdwh wkh
Kloehuw0Vfkplgw qrup ri wkh rshudwru ehwzhhq O20vsdfhv rq wkh olqhv �

3�

dqg �
3�3"/ zkrvh Vfkzduw} nhuqho lv

N+z> }, @
4

+5�,2

]
K
3q

�r+z,Ug8 s +z � �> �> },8(gd +� � }> }, g�=

Wr hvwlpdwh wkh Kloehuw0Vfkplgw qrup ri wkh lqwhjudqg/ zh lqyrnh
Ohppd 615151 Qdpho|/ zh kdyh

n�r+z,Ug8 s +z � �> �> },8(gd +� � }> },n2
� n�r+z,Ug8 s +z � �> �> },n2 n8(gd +� � }> },nnEu2Ef��

� frqvw +m, +4 . m� � }m2,3 �

2 n�r+z,Ug8 s +z � �> �> },n2
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zlwk duelwudu| odujh m1

Lq ylhz ri +615146, rxu qh{w jrdo lv wr hydoxdwh wkh qrup

n�r+z,8 +C@C},gs +z � �> } . �+� � },,n2= +615149,

Ghqrwlqj } . �+� � }, e|  dqg sxwwlqj v @ 5Q / Q 5 ]n/ zh pd| uhzulwh
�r+z, e| wkh elqrpldo irupxod dv

�r+z, @ +4 . + . l�,2 ��� + . l�,2 . +z . l�,2,�

@
[

�n�n&'�

+�4,�
Q $

l$m$n$
�2�+ , + . l�,2� +z . l�,2&=

Ilqdoo|/ dsso|lqj lqhtxdolw| +61516, iru wkh rshudwru �2�+ ,8 +C@C},gs +z�
�>  , ri rughu ' �N . 5l |lhogv

n�2�+ ,8 +C@C},gs +z��>  ,n2 � frqvw +m, +4.mz��m2,3 �

2 +4.m m2,
�3gn2�n?

2
2

surylghg ' �N . 5l . ?
2
? 3/ zlwk m dq duelwudu| srvlwlyh lqwhjhu1 Wklv

hqdeohv xv wr ghulyh d urxjk hvwlpdwh ri +615149,/ qdpho|

n�r+z,8 +C@C},gs +z � �> } . �+� � },,n2
� frqvw +m> v> �, +4 . mz � �m2,3 �

2 +4 . m m2,
�3gnrn?

2
2 +4 . mzm2, r2

zkhuh ' �N . v. ?
2
lv vxssrvhg wr eh qhjdwlyh1

Zh qh{w zulwh z dv z @ +z � �, . +� � }, . } dqg dsso| wkh elqrpldo
irupxod wr duulyh dw

+4 . mzm2, r2 � frqvw +v, +4 . mz � �m2, r2 +4 . m� � }m2, r2 +4 . m}m2, r2 =

Wkhvh fuxgh hvwlpdwhv uhvxow lq wkh iroorzlqj hvwlpdwh iru wkh nhuqhoN+z> },

nN+z> },n2 � frqvw +l> m> v> �,

] �

f
g�

�
]
K
3q

+4 . m}m2, r2
+4 . mz � �m2, �2 +4 . m� � }m2, �2 +4 . m} . �+� � },m2, &2

g�>+61514:,

zkhuh l/ m duh duelwudu| srvlwlyh lqwhjhuv dqg n A 3 pd| eh pdgh odujhu lq
pdjqlwxgh dw wkh h{shqvh ri N1

Wkh qhhghg Kloehuw0Vfkplgw qrup lv]
K
3�3"

gz

]
K
3�

nN+z> },n22 g}=
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Wdnlqj l odujh hqrxjk/ zh pd| lqwhjudwh ryhu z 5 �
3�3" wkxv duulylqj dw

wkh iroorzlqj hvwlpdwh ri wkh deryh lqwhjudo] �

f
g�

]
K
3�

g}

]
K
3q

+4 . m}m2,r
+4 . m� � }m2,�+4 . m} . �+� � },m2,& g�>

xs wr dq xqhvvhqwldo frqvwdqw1
Zh �uvw frqvlghu wkh uhjlrq m� � }m ? �5�

2 1 Wkhq

�
E�n�l35�2��

� 4>
�

E�n�5nwEl35��2�&
� 22&

E�n�5�2�&

dqg ]
K
3�

g}

]
lMK

3qG �l35�	
�5�
2

4

+4 . m}m2,&3r g� �
]
K3�

m}m
+4 . m}m2,&3r g}>

zklfk lv frqyhujhqw iru n odujh hqrxjk1 Rq wkh rwkhu kdqg/ iru m��}m � �5�
2 /

zh hvwlpdwh
4

+4 . m} . �+� � },m2,& � 4

dqg ]
K3�

g}

]
lMK3qG �l35�D

�5�
2

+4 . m}m2,r
+4 . m� � }m2,� g�

� 5

]
K3�

+4 . m}m2,r g}
] "

�5�
2

4

+4 . +� � �,2 . &2,�
g&

� 52�3�
]
K3�

4

+4 . m}m2,�3�3r g}
] "

�5�
2

g&

4 . &2
>

zklfk frqyhujhv li m lv odujh hqrxjk1 Lw iroorzv wkdw wkh Kloehuw0Vfkplgw
qrup ri Ug lv �qlwh1

�
Wr frpsohwh wkh surri/ lw uhpdlqv wr revhuyh wkdw wkh ixqfwlrqv ri wkh

w|sh Ugx duh vxssruwhg lq d �qlwh lqwhuydo +3> D` � W ehfdxvh s � dmg
ydqlvkhv iru w forvh wr e/ lqghshqghqwo| ri }1 Wkxv/ Ohppd 61517 pd| eh
dssolhg lpso|lqj wkdw Ug lv ri wudfh fodvv1

Fdvh 7 +� @ d> � @ e, Khuh zh kdyh d svhxgrorfdolw| surshuw| vlplodu
wr Fdvh 5/ exw wkh surri uxqv lq d voljkwo| gl�huhqw zd|1 Djdlq zh kdyh
+!@s, � +!Kd,mg @ 3/ vr zh qhhg wr vkrz wkdw wkh rshudwru rs +!@s,!Krs +d,
lv ri wudfh fodvv1 Dv wkh v|pero d+w> }, ydqlvkhv iru w forvh wr wkh hqgsrlqw e
ri W / zh pd| dvvxph wkdw !K kdv d frpsdfw vxssruw lq wkh lqwhuydo W 1 Vlqfh
rs +d, lv erxqghg lq Kfc�+F,/ lw vx�fhv wr suryh wkdw rs +!@s,!K ehorqjv wr
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wkh wudfh fodvv1 Exw wkh pxowlsolfdwlrq rshudwru x :$ !Kx pd| eh uhjdughg
dv dq 8 0svhxgrgl�huhqwldo rshudwru zlwk d krorprusklf v|pero/ vr zh duh
xqghu wkh dvvxpswlrqv ri Fdvh 61 Wklv suryhv wkh wkhruhp1

�

��� +i}�*@h�3i_ |h@Ui Lu ThL_�U|

Jlyhq dq| wzr rshudwruv D @ rs +d, dqg S @ rs +s, zlwk

d+w> }, 5 F",JS+W>�
6+[ > �,,> p � 3>

s+w> }, 5 F",JS+W>�
�+[ > �,,> ' � 3>

vdwlvi|lqj d+e�> }, @ 3 dqg s+e�> }, @ 3/ zh gh�qh wkh uhjxodul}hg wudfh ri
wkh surgxfw SD e|

wuk SD @ wu +SD� rs +s � dmk,, = +61614,

Wkhruhp 61516 vkrzv wkdw wkh uhjxodul}hg wudfh ri SD grhv h{lvw li wkh
qxpehu N lv vx�flhqwo| odujh1

Wkhruhp 61614 Wkh uhjxodul}hg wudfh ri wkh surgxfw lv lqghshqghqw ri
wkh rughu/ wkdw lv

wuk SD @ wukDS= +61615,

Surri1 Zh duh jrlqj wr frqvlghu vhyhudo fdvhv fruuhvsrqglqj wr wkrvh
olvwhg lq wkh surri ri Wkhruhp 615161

Fdvh 4 +�> � 9@ d, Wkh dvvhuwlrq uhgxfhv wr wkh wkhruhp rq wkh uhj0
xodul}hg wudfh ri wkh surgxfw ri Irxulhu svhxgrgl�huhqwldo rshudwruv +fi1
Ihgrvry ^Ihg:7`,1

Fdvh 5 +� @ e> � @ d, ru Fdvh 7 +� @ d> � @ e, Iru S @ rs +!>s, dqg
D @ rs +!Dd,/ zh ghgxfh e| Wkhruhp 61516 wkdw erwk SD dqg DS duh ri
wudfh fodvv1 Olgvnll*v Wkhruhp qrz vkrzv wkdw wkh wudfhv ri SD dqg DS
frlqflgh1

Fdvh 6 +�> � @ d> l, Xvlqj +615147, zlwk � @ � dqg �� ? lpz @ ��
+fi1 +615148,,/ zh jhw

wuk SD @ wuUg

@
4

+5�,2

]
K
3q

g�

]
K
3�

wuUg8 s +} � �> �> },8(gd +� � }> },g}>+61616,

wkh vhfrqg htxdolw| ehlqj d frqvhtxhqfh ri wuUk @ wu8
3�Uk8

3�
3�1 Wkh

ixqfwlrq

Ug8 s +} � �> �> }, @
4

} � �
Ug8(s +} � �> �> },

9:
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kdv d sroh ri wkh �uvw rughu dw � @ } +iru s+�3�+orj (,> }, lv vprrwk xs
wr ( @ 3,1 Vr/ zh pd| pryh wkh olqhv �

3� dqg �
3q zlwklq wkh vwulsv

i} 5 F = mlp } . �m ? %j dqg i} 5 F = mlp � . �m ? %j/ surylghg wkdw ��
uhpdlqv vpdoohu wkdq ��1

Pruhryhu/ zh pd| vkliw �
3q furvvlqj �

3�/ exw wkhq zh pxvw wdnh lqwr
dffrxqw wkh uhvlgxh dw � @ }1 Lw lv htxdo wr

4

5�l

]
K
3�

wuUk8(s +3> }> },8(kd +3> }, g}=

E| +615146,/ zh kdyh

Ug8(s +3> }> }, @
4

N$
8(+C@C},gs +3> },>

vr wkh uhvlgxh lv htxdo wr

4

5�l

]
K
3�

wu
4

N$
8(+C@C},ks +3> },8(kd +3> }, g}=

Krzhyhu/ iru N A 4/ wklv lqwhjudo ydqlvkhv ehfdxvh

8(gd +3> }, @

]
A

4

l

C

Cw
(g3�d+w> }, gw

@
4

l

�
(g3�d+e�> },�(g3�d+d.> },

�
@ 3=

Khqfh lw iroorzv wkdw/ iru N A 4/ lqwhjudo +61616, grhv qrw ghshqg rq wkh
srvlwlrq ri wkh olqhv �

3� dqg �
3q zlwklq wkh vwulsv i} 5 F = mlp }.�m ? %j

dqg i} 5 F = mlp � . �m ? %j1 D vlplodu dvvhuwlrq krogv iru wkh lqwhjudo

wukDS @
4

+5�,2

]
K
3q

g�

]
K
3�

wuUk8 d +}� �> �> },8(ks +� � }> }, g}=

+61617,
Rxu jrdo lv wr suryh wkdw +61616, dqg +61617, duh htxdo1 Wr wklv hqg/ zh

frqvlghu wkh idplolhv

dr+w> }, @ d+w> }, �r+},>
sr+w> }, @ s+w> }, �r+},>

zkhuh v lv d frpsoh{ sdudphwhu udqjlqj lq wkh kdoi0vwuls

iv 5 F = ?v � 3> mlp vm � Uj>
U A 31 Ohw Dr dqg Sr eh wkh fruuhvsrqglqj rshudwruv rq wkh vwuhwfkhg
frqh F1 Wkh hvwlpdwhv xvhg lq wkh surri ri Wkhruhp 61516 vkrz wkdw erwk

9;
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wuk StDt dqg wukDtSt duh krorprusklf ixqfwlrqv ri v ehorqjlqj wr wkh
deryh kdoi0vwuls1 Wkxv/ lw lv vx�flhqw wr suryh wkh htxdolw|

wuk StDt @ wukDtSt

iru ?v forvh wr �41
Zh duh uhgxfhg wr yhuli|lqj +61615, iru rshudwruv D dqg S ri vx�flhqwo|

odujh qhjdwlyh rughu1 Iru wklv sxusrvh/ zh zulwh

4

} � �
Ug8(s +} � �> �> },

@
�4

+� � },gn�

#
8(s +} � �> �,�

g3�[
&'f

4

n$
8(+C@C},&s +} � �> }, +� � },&

$

dqg wkhq

wuk SD @ � 4

+5�,2

]
K
3q

g�

]
K
3�

wu8(s +}� �> �,8(d +� � }> },

+� � },2
g}

.
g3�[
&'f

4

n$

4

+5�,2

]
K
3q

g�

]
K
3�

wu8(+C@C},!s+}� �> },+� � },!8(d+� � }> },

+� � },2
g}=

+61618,

Hdfk vxppdqg lq +61618, pdnhv vhqvh li erwk d dqg s kdyh odujh qhjdwlyh
rughuv dqg �� ? �� duh �{hg1

Lqwhufkdqjlqj wkh yduldeohv } dqg � lq wkh �uvw lqwhjudo dqg xvlqj wkh
htxdolw| wu8(s8(d @ wu8(d8(s iru wudfh fodvv rshudwruv/ zh rewdlq

� 4

+5�,2

]
K
3�

g�

]
K
3q

wu8(d +}� �> �,8(s +� � }> },

+� � },2
g}= +61619,

Wkh uhpdlqlqj vxppdqgv lq wkh uljkw0kdqg vlgh ri +61618, pd| eh wudqv0
iruphg dv iroorzv1 Zh lqwurgxfh wkh qhz frruglqdwh  @ }�� udqjlqj dorqj
wkh olqh �

3�nq/ wkxv rewdlqlqj]
K
3q

g�

]
K
3�

wu8(+C@C},!s +}� �> }, +� � },! 8(d +� � }> },

+� � },2
g}

@ +�4,&
]
K
3�nq

g 

]
K
3�

wu +C@C},!8(s + > },  !8(d +� > },
 2

g}=

Qrz/ lqwhjudwlqj e| sduwv zlwk uhvshfw wr } dqg shupxwwlqj 8(s dqg 8(s
xqghu wkh wudfh vljq/ zh jhw]
K
3�nq

g 

]
K
3�

wu +C@C},!8(d +� > },  ! 8(s + > },

 2
g}

9<
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@

]
K
3�nE3�nq�

g�

]
K
3�

wu8(+C@C},!d +}� �> }, +� � },! 8(s +� � }> },

+� � },2
g}

@

]
K
3�

g�

]
K
3q

wu8(+C@C},!d +}� �> }, +� � },!8(s +� � }> },

+� � },2
g}>

+6161:,

wkh odvw htxdolw| ehlqj rewdlqhg e| vkliwlqj erwk wkh olqhv ri lqwhjudwlrq
wrzdugv wkh yhfwru l+� � �,1

Vxpplqj xs +61619, dqg +6161:, iru n @ 3> 4> = = = > N�4/ zh duulyh dw wkh
htxdolw|

wuk SD @ � 4

+5�,2

]
K
3�

g�

]
K
3q

wuUk8(d +}� �> �> },8(ks +� � }> },

� � }
g}=

Wklv h{suhvvlrq frlqflghv zlwk wkh fruuhvsrqglqj h{suhvvlrq +61617, iru
wukDS h{fhsw wkdw wkh olqhv �

3� dqg �
3q duh lqwhufkdqjhg1 Wr frpsohwh

wkh surri lw uhpdlqv wr qrwh wkdw/ dv zh kdyh vhhq/ zh pd| lqwhufkdqjh �
3�

dqg �
3q qrw d�hfwlqj wkh ydoxh ri wkh lqwhjudo1

�
Lw lv zruwk srlqwlqj rxw wkdw Wkhruhp 61614 uhpdlqv ydolg iru doo rshu0

dwruv D dqg S ri }hur rughu/ zkrvh v|perov duh htxdo wr 4 iru w 5 W forvh
wr wkh hqgsrlqw e ri W 1 Lqghhg/ zh fdq zulwh

D @ rs +d, . 4>
S @ rs +s, . 4

zlwk vrph v|perov d+w> }, dqg s+w> }, ydqlvklqj iru w 5 W forvh wr e1 Wkhq/
dq hdv| frpsxwdwlrq vkrzv wkdw

wuk SD @ wuk rs +s, rs +d,>
wukDS @ wuk rs +d, rs +s,>

vr wkh ghvluhg frqfoxvlrq iroorzv iurp Wkhruhp 61614 dssolhg wr wkh rshud0
wruv rs +d, dqg rs +s,1

��e �*}iMh@�U �?_i 

Iluvw zh lqwurgxfh dq dojheud ri irupdo v|perov rq W / gh�qh hoolswlf v|perov
dqg lqwurgxfh dq dojheudlf lqgh{ ri hoolswlf hohphqwv1 Wkhq/ frqvwuxfwlqj
d sdudphwul{ dqg dsso|lqj wkh wkhruhp rq d uhjxodul}hg wudfh ri surgxfw/
zh suryh wkdw wkh dqdo|wlfdo dqg dojheudlf lqglfhv frlqflgh1

D irupdo v|pero lv d irupdo srzhu vhulhv

d+w> }, @
"[
�'f

k�d�+w> },>

:3
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zkhuh wkh frh�flhqwv d�+w> }, 5 F",JS+W>�
43�+[> �,,/ p � 3/ vdwlvi| wkh

iroorzlqj frqglwlrqv=

� +C@C},& d�+w> }, 5 F",JS+W>�
43�3!+[> �,, iru doo n @ 3> 4> = = =>

� d�+w> }, lv _vx�flhqwo|% vprrwk xs wr w @ 3 lq wkh vhqvh wkdw wkh
v|pero d�+�

3�+orj (,> }, lv F" xs wr ( @ 3>

� iru w 5 +F> e,/ df+w> }, lv lqghshqghqw ri w zkloh d�+w> }, @ 3 li m A 31

Wkh srzhuv ri d irupdo sdudphwhu k vhuyh iru rughulqj wkh vhulhv whupv1
Ohw xv gh�qh wkh surgxfw � ri wzr v|perov e|

s � d @
"[

�c�c&'f

k�n�n& 4

n$
+C@C},& s�+w> },(

&d�+w> },=

Lw lv hdv| wr fkhfn wkdw wkh irupdo v|perov irup dq dvvrfldwlyh dojheud
zlwk wkh xqlw h+w> }, � 4 frqvlvwlqj ri wkh ohdglqj whup rqo|1 Zh ghqrwh
wklv dojheud e| D1

Lqwurgxfh d wudfh lghdo L lq wklv dojheud/ frqvlvwlqj ri wkrvh irupdo
v|perov d+w> }, iru zklfk p ? �q � 4 dqg doo wkh frpsrqhqwv d�+w> },
ydqlvk dw wkh srlqw w @ d dqg iru w 5 +F> e,1 D wudfh iru d 5 L lv gh�qhg e|

wu d @
"[
�'f

k�3�
�

4

5�

�2 ]
K

g}

]
A

wu d�+w> }, gp+w,=

Wklv lv d irupdo vhulhv zlwk frqvwdqw frh�flhqwv dqg wkh h{srqhqwv ri
k udqjlqj iurp �4 wr .41

Ohppd 61714 Li rqh ri wkh irupdo v|perov s dqg d ehorqjv wr wkh lghdo
L/ wkhq

wu s � d @ wu d � s=
Surri1 Xvh lqwhjudwlrq e| sduwv1

�
D v|pero d 5 D lv vdlg wr eh hoolswlf li wkhuh h{lvwv d v|pero s vxfk

wkdw erwk 4� s � d dqg 4� d � s ehorqj wr L1
Vxfk d v|pero s lv fdoohg d +irupdo, sdudphwul{ ri d1 Lq sduwlfxodu/ iru

ohdglqj whupv sf dqg df zh rewdlq

4� sfdf 5 L>
4� dfsf 5 L= +61714,

Wkh iroorzlqj frqvwuxfwlrq lv zhoo0nqrzq +vhh iru lqvwdqfh Ihgrvry ^Ihg<8`,1

:4



DPL Yro16/ 4<<;Qr14/4<<< E Vfkxo}h/ Q1 Q1 Wdunkdqry .

Ohppd 61715 Ohw wkhuh h{lvw d ixqfwlrq sf+w> }, vdwlvi|lqj +61714,1 Wkhq/
iru M odujh hqrxjk/ wkh v|pero

s @
Sa

�'f+4� sf � d,� � sf
@ sf �

Sa
�'f+4� d � sf,� > +61715,

wkh srzhuv ehlqj xqghuvwrrg zlwk uhvshfw wr wkh surgxfw �/ lv d sdudphwul{
ri d1

Surri1 E| gluhfw fdofxodwlrq zh kdyh

4� s � d @ +4� sf � d,�Ean��>
4� d � s @ +4� d � sf,�Ean��>

zkhuh wkh h{srqhqw �+M . 4, phdqv wkh +M . 4,0wk srzhu zlwk uhvshfw wr
wkh surgxfw �1 Fohduo|/ wkh irupdo v|perov rq wkh uljkw ehorqj wr L li M lv
odujh hqrxjk1

�
Jlyhq dq| hoolswlf v|pero d 5 D/ zh gh�qh wkh dojheudlf lqgh{ ri d e|

lqg d @ wu +4� s � d,� wu +4� d � s,= +61716,

E| gh�qlwlrq/ lqg d lv d irupdo srzhu vhulhv lq k zlwk frqvwdqw frhi0
�flhqwv1 Lw wxuqv rxw/ krzhyhu/ wkdw doo wkh frh�flhqwv/ zlwk wkh srvvleoh
h{fhswlrq ri d frqvwdqw whup/ ydqlvk/ vr zh fdq wuhdw lw dv d qxpehu1 Pruh0
ryhu/ wkh dojheudlf lqgh{ lv lqghshqghqw ri wkh sduwlfxodu fkrlfh ri wkh
irupdo sdudphwul{ s1 Doo wkhvh surshuwlhv duh vwdqgdug frqvhtxhqfhv ri wkh
vwdelolw| ri wkh lqgh{1

Ohppd 61716 Vxssrvh d+�, lv d idplo| ri hoolswlf v|perov lq D dqg
s+�, lv d idplo| ri irupdo sdudphwulfhv iru d+�,1 Wkhq/

wu +4� s+�, � d+�,,� wu +4� d+�, � s+�,,

lv lqghshqghqw ri �1

Surri1 Dq hdv| frpsxwdwlrq vkrzv wkdw

+4� s � d,� @ +4� s � d,� � +s � d, . +4� s � d,� � +4� s � d,
@ ++4� s � d, � +s � d,,� � +4� s � d, � +s � d,� � +s � d,� � +4� s � d,>

zkhuh _sulph% phdqv wkh ghulydwlrq lq �1 Wkxv/

wu +4�s�d,� @ +g@g�, wu ++4�s�d,�+s�d,,�5 wu ++4�s�d,�+s��d.s�d�,,=

:5
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Vlploduo|/

wu +4�d�s,� @ +g@g�, wu ++4�d�s,�+d�s,,�5 wu ++4�d�s,�+d��s.d�s�,,=
Vlqfh

wu ++4� s � d, � +s � d,, @ wu +s � +4� d � s, � d, @ wu ++4� d � s, � +d � s,,>
wu ++4� s � d, � +s� � d,, @ wu +d � +4� s � d, � s�, @ wu ++4� d � s, � +d � s�,,>
wu ++4� s � d, � +s � d�,, @ wu +s � +4� d � s, � d�, @ wu ++4� d � s, � +d� � s,,>
erwk h{suhvvlrqv wu +4� s � d,� dqg wu +4� d � s,� frlqflgh/ dqg wkh ohppd
iroorzv1

�
Lq sduwlfxodu/ jlyhq wzr sdudphwulfhv s� dqg s2 ri wkh vdph hoolswlf

v|pero d/ zh frqvlghu wkh olqhdu krprwrs| s+�, @ +4��,s�.�s2/ � 5 ^3> 4`/
zklfk jlyhv d idplo| ri sdudphwulfhv1 Wkhq/ Ohppd 61716 lpsolhv wkdw wkh
lqgh{ grhv qrw ghshqg rq wkh fkrlfh ri d sdudphwul{1

Qrz/ iru d uhdo � A 3/ zh gh�qh d krprprusklvp K+�, = D $ D e|

K+�,d +w> }, @
"[
�'f

��k�d�+w> �},=

Lw lv d vlpsoh pdwwhu wr vhh wkdw K+�, lv lq idfw d krprprusklvp ri wkh
dojheud D/ l1h1/ K+�,+s � d, @ +K+�,s, � +K+�,d,1

Ohppd 61717 Li d 5 L/ wkhq
wuK+�,d @ K+�, wu d>

zkhuh K+�, dfwv rq irupdo vhulhv zlwk frqvwdqw frh�flhqwv e| uhsodflqj k
e| �k1

Surri1 Wkh ohppd iroorzv e| wkh fkdqjh ri yduldeohv } :$ 5
b
1 Lqghhg/

wu K+�,d @
"[
�'f

��k�3�
�

4

5�

�2 ]
K
g}

]
A

wu d�+w> �}, gp+w,

@
"[
�'f

��3�k�3�
�

4

5�

�2 ]
K
g}

]
A

wu d�+w> }, gp+w,

@ K+�, wu d>

dv uhtxluhg1
�

Zh duh qrz lq d srvlwlrq wr vkrz wkdw wkh dojheudlf lqgh{ lv dfwxdoo|
lqghshqghqw ri wkh sdudphwhu k1
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Ohppd 61718 Wkh irupdo vhulhv lqg d frqvlvwv ri wkh frqvwdqw whup
rqo|1

Surri1 Iru � A 3/ zh frqvlghu wkh idplo| d+�, @ K+�,d ri hoolswlf
v|perov1 Wkhq s+�, @ K+�,s lv d idplo| ri sdudphwulfhv vlqfh

4�K+�,s �K+�,d @ K+�,+4� s � d, 5 L>
4�K+�,d �K+�,s @ K+�,+4� d � s, 5 L=

Khqfh

lqg d+�, @ wuK+�,+4� s � d,� wuK+�,+4� d � s,
@ K+�, lqg d=

Rq wkh rwkhu kdqg/ lqgd+�, lv lqghshqghqw ri �/ e| Ohppd 61716/ zklfk
frpsohwhv wkh surri1

�

��D �?@*)|�U@* �?_i 

Wkh iroorzlqj uhvxow kdv hqfrxqwhuhg vr riwhq wkdw lw fdq eh dwwulexwhg wr
wkh pdwkhpdwlfdo iron0oruh1

Ohppd 61814 D forvhg ghqvho| gh�qhg rshudwru D = Kf $ K� lq
Kloehuw vsdfhv lv Iuhgkrop li dqg rqo| li wkhuh h{lvwv dq rshudwru S = K� $
Kf vxfk wkdw erwk 4�SD dqg 4�DS duh rshudwruv ri wudfh fodvv1 Pruhryhu/

lqgD @ wu +4� SD,� wu +4�DS,= +61814,

Surri1 Qhfhvvlw|1 Wkh htxdolw| glp frnhuD @ g phdqv wkdw wkhuh duh
hohphqwv i�> = = = > i_ vxfk wkdw hdfk hohphqw i 5 K� fdq eh xqltxho| zulwwhq
lq wkh irup i @ Dx .

S_
�'� f�i�/ zkhuh x lv ruwkrjrqdo wr nhuD1 Wkh

rshudwru aD = +nhuD,z � F
_ $ K�/ jlyhq e|

+x> f�> = = = > f_, :$ Dx.
_[

�'�

f�i�>

lv ghqvho| gh�qhg/ forvhg dqg kdv wkh lqyhuvh rshudwru gh�qhg rq wkh zkroh
vsdfh K�1 E| wkh Rshq Pdsslqj Wkhruhp/ wkh lqyhuvh rshudwru aD3� lv
erxqghg1 Khqfh lw iroorzv wkdw wkhuh lv d frqvwdqw f A 3 vxfk wkdw nxnMf �
f nDxnM� iru hdfk x 5 G+D, _ +nhuD,z1 Wkhuhiruh/ wkh udqjh lpD ri D lv
forvhg dqg vr zh kdyh wkh ruwkrjrqdo ghfrpsrvlwlrq K� @ nhuDW � lpD/
zkhuh DW vwdqgv iru wkh dgmrlqw ri D1
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AIurp wkh d sulrul hvwlpdwh zulwwhq dv +DWDx> x,Mf � �

S2
+x> x,Mf / zh

ghgxfh wkdw wkh udqjh ri DW lv forvhg1 Wkxv/ zh kdyh wkh ruwkrjrqdo gh0
frpsrvlwlrq Kf @ nhuD � lpDW/ zkhqfh wkh Iuhgkrop surshuw| ri DW lv
reylrxv1

Qrz/ zh lqwurgxfh dq rshudwru U e| ehlqj aD3� rq lpD dqg 3 rq nhuDW1
Wkhq/ U = K� $ Kf lv d erxqghg rshudwru dqg d wulyldo yhul�fdwlrq vkrzv
wkdw 4�UD dqg 4�DU duh ruwkrjrqdo surmhfwlrqv rqwr nhuD dqg nhuDW

uhvshfwlyho|1

Ilqdoo|/ iurp zkdw kdv douhdg| ehhq suryhg lw iroorzv wkdw wkh vsdfhv
frnhuD dqg nhuDW duh lvrprusklf/ zkhqfh

lqgD @ glpnhuD� glpnhuDW

@ wu +4�UD,� wu +4�DU,>

dv uhtxluhg1

Vx�flhqf|1 Vxssrvh S = K� $ Kf lv d erxqghg rshudwru/ vxfk wkdw
erwk 4�SD dqg 4�DS duh ri wudfh fodvv1 Wkhq/ SD dqg DS duh Iuhgkrop
rshudwruv/ ehfdxvh wkh| gl�hu iurp wkh lghqwlw| rshudwruv e| frpsdfw rs0
hudwruv1 Vlqfh nhuD � nhuSD dqg lpD � lpDS / wkh Iuhgkrop surshuw|
ri D iroorzv1

Rq wkh rwkhu kdqg/ wkh htxdolw| +61814, lv ixo�oohg iru wkh rshudwru S @ U
dqg lv lqghshqghqw rq wkh sduwlfxodu fkrlfh ri S / iru wkh rshudwruv +S�U,D
dqg D+S �U, duh ri wudfh fodvv dqg kdyh wkh vdph wudfhv1 Wklv frpsohwhv
wkh surri1

�
Wkh rshudwru S lv fdoohg d sdudphwul{ +ru uhjxodul}hu, ri wkh rshudwru

D1 Wklv qrwdwlrq lv vrphwlphv xvhg iru wkh rshudwruv S zlwk wkh zhdnhu
surshuw| wkdw erwk 4� SD dqg 4�DS duh frpsdfw1

Lq wkh vhtxho/ e| wkh dqdo|wlfdo lqgh{ ri D zh phdq wkh uljkw0kdqg vlgh
ri +61814,1 Zh duh jrlqj wr frpsduh wkh dqdo|wlfdo dqg dojheudlf lqglfhv1

Jlyhq dq rshudwru D @ rs+d, ri wkh irup +61414,/ zh pd| wuhdw lwv
v|pero d+w> }, dv d irupdo v|pero frqvlvwlqj ri wkh ohdglqj whup rqo|1

Ohppd 61815 Li D @ rs+d, lv dq hoolswlf rshudwru ri rughu 3/ wkhq wkhuh
h{lvwv d irupdo sdudphwul{ iru d1

Surri1 Wkh hoolswlflw| frqglwlrqv olvwhg lq Gh�qlwlrq 61414 lpso| wkdw
wkhuh h{lvwv d v|pero sf+w> }, vxfk wkdw erwk 4� sfd dqg 4� dsf ehorqj wr
L1

Lqghhg/ iru w 5 W forvh wr wkh hqgsrlqwv ri W / d3� h{lvwv e| gh�ql0
wlrq1 Dq lpsruwdqw srlqw wr qrwh khuh lv wkh vr0fdoohg vshfwudo lqyduldqfh
ri wkh vxedojheud ri sdudphwhu0ghshqghqw hoolswlf rshudwruv rq [1 Wklv
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lpsolhv wkdw li d+w> }, lv lqyhuwleoh zlwklq wkh +odujhu, dojheud ri svhxgrg0
l�huhqwldo rshudwruv rq [ / wkhq lw lv dovr lqyhuwleoh zlwklq wkh vxedojh0
eud ri sdudphwhu0ghshqghqw hoolswlf rshudwruv1 Wkxv/ wkhuh lv d vhjphqw
^f> F` �� W vxfk wkdw d3�+w> }, lv d sdudphwhu0ghshqghqw hoolswlf svhxgrg0
l�huhqwldo rshudwru ri rughu }hur rq [ / iru doo w 5 W dzd| iurp ^f> F`1

Iru w 5 ^f> F`/ wkh v|pero d+w> }, lv sdudphwhu0ghshqghqw hoolswlf/ zlwk
wkh sdudphwhu } 5 �1 Wklv lpsolhv/ lq sduwlfxodu/ wkdw d+w> }, lv dovr lqyhuw0
leoh iru m}m A U/ surylghg U lv odujh hqrxjk1

Dv iru w 5 ^f> F` dqg m}m � U/ lw iroorzv iurp wkh sdudphwhu0ghshqghqw ho0
olswlflw| ri d+w> }, wkdw wklv v|pero kdv d sdudphwul{ u+w> }, 5 F",JS+W>�

f+[> �,,
rq [1

Qrz/ zh slfn d F" ixqfwlrq ! rq W � � zklfk lv htxdo wr 4 lq d
qhljkerukrrg ri wkh uhfwdqjoh ^f> F` � ^�U>U` dqg ydqlvkhv dzd| iurp d
frpsdfw vxevhw ri W � �1 Iru +w> }, 5 W � �/ gh�qh

sf+w> }, @ !+w> }, u+w> }, . +4� !+w> },, d3�+w> },= +61815,

Wkhq/
4� sfd @ ! +4� ud, 5 L>
4� dsf @ ! +4� du, 5 L>

l1h1/ sf vdwlv�hv +61714,1 E| Ohppd 61715/ wkh ixqfwlrq sf+w> }, pd| vhuyh dv
d ohdglqj whup ri wkh irupdo sdudphwul{ jlyhq e| +61715,1 Wklv suryhv wkh
ohppd1

�
Wkxv/ iru hoolswlf rshudwruv D @ rs+d, ri rughu }hur/ wkh dojheudlf lqgh{

lv zhoo0gh�qhg1
Wr frpsxwh wkh dqdo|wlfdo lqgh{ ri D/ zh qhhg dq rshudwru sdudphwul{

S lqyhuwlqj D xs wr wudfh fodvv rshudwruv1 Wr wklv hqg/ jlyhq d irupdo
v|pero s+w> }, @

S
"

�'f k
�s�+w> },/ zh lqwurgxfh wkh qrwdwlrq

sma @
a3�[
�'f

s�> M @ 4> 5> = = = =

Wkhruhp 61816 Ohw D @ rs+d, eh dq hoolswlf rshudwru ri rughu }hur
dqg ohw s eh d irupdo sdudphwul{ +61715, ri wkh v|pero d1 Wkhq/ iru M odujh
hqrxjk/ wkh rshudwru S @ rs+sma, lv dq rshudwru sdudphwul{ ri D dqg

lqgD @ wu +4� SD,� wu +4�DS,
@ wu +4� s � d,� wu +4� d � s,= +61816,

Surri1 Ghqrwlqj sma e| u dqg wdnlqj Q vx�flhqwo| odujh/ zh rewdlq

4� rs+u, rs+d, @ rs++4� u � d,m�,� +rs+u, rs+d,� rs+u � dm�,,>
4� rs+d, rs+u, @ rs++4� d � u,m�,� +rs+d, rs+u,� rs+d � um�,,=
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. Svhxgrgl�huhqwldo Fdofxoxv rq Pdqlirogv zlwk111 DPL Yro16/ 4<<;Qr14/4<<<

E| Wkhruhpv 61516 dqg 61614/ wkh rshudwruv

rs+u, rs+d,� rs+u � dm�,>
rs+d, rs+u,� rs+d � um�,

duh ri wudfh fodvv dqg wkhlu wudfhv duh htxdo1

Rq wkh rwkhu kdqg/ dq hdv| frpsxwdwlrq vkrzv wkdw

u � dm� @
�3�[
&'f

a3�[
�'f

4

n$
+C@C},& s� (

&d>

s � dma @
[

�n&$a3�

4

n$
+C@C},& s�(

&d>

khqfh/ iru Q � M / wkh gl�huhqfh rs+u � dm�,� rs+s � dma, lv d �qlwh vxp ri
whupv

rs
�
+C@C},! s�(

!d
�
>

zlwk m. n � Q / m � M � 4 dqg n � Q � 41 Li Q A q.4/ wkhq wklv rshudwru
lv ri wudfh fodvv vlqfh lwv rughu lv ohvv wkhq �q� 4 dqg lwv v|pero ydqlvkhv
iru w 5 W dzd| iurp wkh vhjphqw ^f> F`1

Wkh vdph lv wuxh iru rs+d � um�,� rs+d � sma,/ zklfk lv wkh vxp ri

rs
�
+C@C},! d(!s�

�
>

zlwk m . n � Q / m � M � 4 dqg n � Q � 41

Pruhryhu/ wkh wudfhv ri vxfk rshudwruv duh htxdo1 Lqghhg/ lqwhjudwlqj
e| sduwv |lhogv]

K

g}

]
A

wu
�
+C@C},! s�+w> },(

!d+w> },
�
gp+w,

@

]
K

g}

]
A

wu
�
+C@C},! d+w> },(!s�+w> },

�
gp+w,=

Wkxv/

wu +4� SD,� wu +4�DS, @ wu rs+4� u � d,m� � wu rs+4� d � u,m�
@ wu rs+4� s � d,ma � wu rs+4� d � s,ma
@ wu +4� s � d,ma � wu +4� d � s,ma>

zklfk lv suhflvho| wkh dojheudlf lqgh{1

�

::
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��S ALTL*L}�U@* �?_i 

Iroorzlqj Ihgrvry ^Ihg:7`/ zh lqwurgxfh |hw dqrwkhu dojheud zklfk doorzv
rqh wr vlpsoli| vljql�fdqwo| ydulrxv fdofxodwlrqv zlwk qrq0frppxwdwlyh gli0
ihuhqwldo irupv1

Zh zloo xvh d uhdo yduldeoh � lqvwhdg ri } @ � . l�1 Dq hohphqw d ri rxu
qhz dojheud aD lv dq rshudwru0ydoxhg qrq0krprjhqhrxv gl�huhqwldo irup ri
hyhq ghjuhhv rq W � U1 Wkxv/

d+w> �, @ df+w> �, . d�+w> �,gw a g�> +61914,

zkhuh df+w> �, dqg d�+w> �, 6duh svhxgrgl�huhqwldo rshudwruv rq [ ri qrq0
srvlwlyh rughuv1

D surgxfw a� ri wzr hohphqwv s> d 5 aD lv gh�qhg e|

sa�d @ s a d.
l

5
gs a gd=

Rqh lpphgldwho| fkhfnv wkdw wklv surgxfw lv dvvrfldwlyh1
Dq| ixqfwlrq d+w> �, 5 F",JS+W>�

6+[ > �,,/ p � 3/ pd| eh frqvlghuhg dv

dq hohphqw ri aD frqvlvwlqj ri 30frpsrqhqw rqo|1 Wkxv/ iru ixqfwlrqv d dqg
s zh kdyh wkuhh surgxfwv=

� sd lv wkh xvxdo srlqw0zlvh rshudwru surgxfw ri ixqfwlrqv>

� s �d @ sd.k +C@C�, s(d. = = = lv d surgxfw lq D dv irupdo v|perov>
dqg

� sa�d @ sd. �
2 gs a gd lv d surgxfw lq aD1

Zh pd| dovr frqvlghu wkh srzhuv ri d ixqfwlrq d zlwk uhvshfw wr dq| ri
wkhvh surgxfwv/ xvlqj wkh qrwdwlrqv d�/ d�� dqg d	�� wr glvwlqjxlvk wkh wkuhh
srvvlelolwlhv1

Rqh fdq yhuli| d vlpsoh uxoh wr sdvv iurp wkh �0surgxfw wr wkh a�0surgxfw
ri ixqfwlrqv=

� nhhs wkh whupv ri ghjuhh � 4 lq k/ wkhq dowhuqdwh wkh ghulydwlrqv C@C�
dqg (/ dqg wkhq zulwh gw a g� lqvwhdg ri k �

B�E|� 1

Wklv uxoh uhpdlqv wuxh iru dq| qxpehu ri idfwruv d� � = = =�d� dqg d�a� = = = a�d�1
Vlploduo| wr L zh lqwurgxfh d wudfh lghdo aL lq aD1 Lw frqvlvwv ri irupv

+61914, zkhuh df dqg d� duh rshudwruv ri rughu p ? �q� 4 zlwk uhjdug iru
d sdudphwhu � 5 U/ ydqlvklqj dw wkh srlqw w @ d dqg iru w 5 +F> e,1 Iru
d 5 aL/ zh gh�qh d wudfh e|

wu d @
4

5�

] ]
Af5

wu d

@
4

5�

] ]
Af5

wu d� gw a g�>

:;
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wkh rulhqwdwlrq ri W � U ehlqj jlyhq e| wkh irup gw a g� 1
Wkh wudfh surshuw| wu sa�d @ wu da�s lv reylrxvo| vdwlv�hg li hlwkhu d ru s

ehorqjv wr aL1
Zkhq xvlqj wklv gh�qlwlrq ri wudfh/ zh kdyh wkh iroorzlqj irupxod/ ri

zklfk wkh uljkw0kdqg vlgh zloo eh uhihuuhg wr dv wkh wrsrorjlfdo lqgh{1

Wkhruhp 61914 Iru dq| M � 4/ zh kdyh

lqgD @ wu +4� sfa�d,	�Ean�� � wu +4� da�sf,	�Ean��> +61915,

zkhuh sf lv wkh ohdglqj whup ri wkh sdudphwul{ ri d1

Surri1 Zh ehjlq zlwk wkh dojheudlf lqgh{ irupxod +61816, wdnlqj

s @
a[

�'f

+4� sf � d,� � sf

@ sf �
a[

�'f

+4� d � sf,�>

zlwk M odujh hqrxjk1 Wkhq

4� s � d @ +4� sf � d,�Ean��>
4� d � s @ +4� d � sf,�Ean��>

zkhqfh

lqgD @ wu +4� sf � d,�Ean�� � wu +4� d � sf,�Ean��= +61916,

Dffruglqj wr Ohppd 61718/ zh qhhg wr h{wudfw wkh frqvwdqw whup lq
+61916,1 Lw iroorzv wkdw zh pd| fdofxodwh erwk +4 � sf � d,�Ean�� dqg +4 �
d � sf,�Ean�� nhhslqj phuho| wkh whupv ri ghjuhh � 4 lq k1

Zh kdyh

4� sf � d @ 4� sfd� k +C@C�,sf(d� = = = >

_grwv% phdqlqj wkh whupv ri kljkhu ghjuhh lq k1 E| lqgxfwlrq/ rqh hdvlo|
duulyhv dw wkh htxdolw|

+4� sf � d,�Ean�� @ +4� sfd,
an�

�k
3
C a[

�'f

+4� sfd,
� +C@C�,s(d +4� sfd,

a3�

�
[

�n�n&'a3�

+4� sfd,
� +C@C�,+4� sfd, +4� sfd,

�(+4� sfd, +4� sfd,
&

4
D

. = = = = +61917,
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Wkh vxp
S

�n�n&'a3�+�, rq wkh uljkw ri +61917, pd| eh zulwwhq dv

a[
�'f

+C@C�,+4� sfd,
� (+4� sfd,

a3� +61918,

ru
a[

�'f

+4� sfd,
� +C@C�,+4� sfd,(+4� sfd,

a3�=

Xvlqj _lqwhjudwlrq e| sduwv%/ zh fdq wudqvirup wkh odwwhu h{suhvvlrq wr wkh
irup

(
a[

�'f

+4� sfd,
� +C@C�,+4� sfd, +4� sfd,

a3�

�
a[

�'f

(+4� sfd,
� +C@C�,+4� sfd, +4� sfd,

a3�

�
a[

�'f

+4� sfd,
� (+C@C�,+4� sfd, +4� sfd,

a3�= +61919,

Li M � 4/ doo wkh zulwwhq whupv ehorqj wr wkh wudfh lghdo L iru wkh|
frqwdlq d idfwru 4� sfd 5 L ru lwv ghulydwlyhv1

Ohw xv qrz zulwh grzq wkh frqvwdqw whup ri wkh wudfh ri +4�sf�d,�Ean��1
Zh uhsuhvhqw wkh vhfrqg vxp lq wkh uljkw0kdqg vlgh ri +61917, dv wkh kdoi0
vxp ri h{suhvvlrqv +61918, dqg +61919,1 Zh pd| gurs wkh �uvw vxp lq +61919,
iru wkh frpsohwh ghulydwlyh lq w ydqlvk xqghu lqwhjudwlrq1 Wkhq/ shupxwwlqj
f|folfdoo| wkh idfwruv xqghu wkh wudfh vljq/ zh rewdlq

� 4

5�l

] ]
Af5

wu

�
+M . 4, +4�sfd,

a

�
Csf
C�

Cd

Cw
� C2

CwC�
+sfd,

�

� 4

5

a[
�'f

�
C

C�
+4�sfd,

� C

Cw
+4�sfd,� C

Cw
+4�sfd,

� C

C�
+4�sfd,

�
+4�sfd,

a3�

4
Dgwg�=

Vlqfh

Csf
C�

Cd

Cw
� C2

CwC�
+sfd, @

4

5

Csf
C�

Cd

Cw
� 4

5

Csf
Cw

Cd

C�
� 4

5

C2sf
CwC�

d� 4

5
sf

C2d

CwC�

dqg �
Csf
C�

Cd

Cw
� Csf

Cw

Cd

C�

�
gw a g�
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@ �gsf a gd>�
C

C�
+4�sfd,

� C

Cw
+4�sfd,� C

Cw
+4�sfd,

� C

C�
+4�sfd,

�
gw a g�

@ �g+4�sfd,
� a g+4�sfd,>

zh jhw/ iru wkh frqvwdqw whup ri wu +4� sf � d,�Ean��/ wkh h{suhvvlrq

4

5�l

] ]
Af5

4

5

� wu

#
+M.4, +4�sfd,

agsf a gd�
aS

�'f
g+4�sfd,

� a g+4�sfd,+4�sfd,
a3�

$

.
4

5�l

] ]
Af5

4

5
wu

�
+M . 4, +4�sfd,

a

�
C2sf
CwC�

d. sf
C2d

CwC�

��
gwg�=

+6191:,

D vlplodu h{suhvvlrq fdq eh zulwwhq iru wkh frqvwdqw whup ri wkh wudfh
ri +4� d � sf,�Ean�� e| lqwhufkdqjlqj d dqg sf1 Qrwh wkdw

wu

�
+4�sfd,

a C2sf
CwC�

d

�
@ wu

�
d +4�sfd,

a C2sf
CwC�

�
@ wu

�
+4�dsf,

a d
C2sf
CwC�

�
>

wu

�
+4�sfd,

a sf
C2d

CwC�

�
@ wu

�
sf +4�dsf,

a C2d

CwC�

�
@ wu

�
+4�dsf,

a C2d

CwC�
sf

�
=

Khqfh lw iroorzv wkdw wkh odvw lqwhjudo lq +6191:, grhv qrw fkdqjh xqghu
shupxwdwlrq ri d dqg sf1 Wkxv/ wdnlqj wkh gl�huhqfh ri +6191:, dqg wkh
fruuhvsrqglqj h{suhvvlrq rewdlqhg e| lqwhufkdqjlqj d dqg sf/ zh �qg

lqgD @
4

5�l

] ]
Af5

4

5

�
#
wu

#
+M.4,+4�sfd,

agsf a gd�
aS

�'f
g+4�sfd,

� a g+4�sfd, +4�sfd,
a3�

$

�wu

#
+M.4,+4�dsf,

agd a gsf �
aS

�'f
g+4�dsf,

� a g+4�dsf, +4�dsf,
a3�

$$
=

+6191;,

Wdnlqj lqwr dffrxqw wkh uxoh iru sdvvlqj iurp wkh �0surgxfw wr wkh a�0
surgxfw/ rqh hdvlo| uhfrjql}hv irupxod +61915, lq +6191;,1 Lq sduwlfxodu/ zh
rewdlq wkdw wkh uljkw0kdqg vlgh ri +6191;, ru +61915, lv lqghshqghqw ri M /
surylghg M lv odujh hqrxjk1
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DPL Yro16/ 4<<;Qr14/4<<< E Vfkxo}h/ Q1 Q1 Wdunkdqry .

Xvlqj wkh a�0surgxfw/ zh suryh qrz wkdw +61915, lv ydolg iru M � 41
Lqghhg/

wu +4� sfa�d,	�Ean�� � wu +4� da�sf,	�Ean��

@
�
wu +4� sfa�d,	�a � wu +4� da�sf,	�a

�
�
�
wu +4� sfa�d,	�aa�+sfa�d,� wu +4� da�sf,	�aa�+da�sf,

�
=

Krzhyhu/ e| wkh dvvrfldwlylw| ri wkh a�0surgxfw/ zh kdyh

wu +4� sfa�d,	�aa�+sfa�d, @ wu sfa�+4� da�sf,	�aa�d
@ wu +4� da�sf,	�aa�+da�sf,

iru M � 41 Wkh odvw htxdolw| lv gxh wr wkh idfw wkdw +4 � da�sf,	�a 5 aL iru
M � 4/ dqg khqfh d f|folf shupxwdwlrq ri idfwruv xqghu wkh wudfh vljq lv
srvvleoh1 Wkh surri lv frpsohwh1

�
Iru M @ 4/ irupxod +6191;, ehfrphv

lqgD @
4

5�l

] ]
Af5

wu ++4�sfd,gsf a gd,� wu ++4�dsf,gd a gsf,

iru

wu g+4�sfd, a g+4�sfd, @ wug+4�dsf, a g+4�dsf,

@ 3=

Lqwhjudwlqj e| sduwv lq wkh �uvw vxppdqg |lhogv] ]
Af5

wu ++4�sfd,gsf a gd, @ �
] ]

Af5

wu +g+4�sfd, a sfgd,

@

] ]
Af5

wu +gsf a dsfgd. sfgd a sfgd, =

Rq wkh rwkhu kdqg/ wkh vhfrqg vxppdqg pd| eh wudqviruphg dv iroorzv=

�wu ++4�dsf,gd a gsf, @ wu +gsf a +4�dsf,gd, =

Vr/ +6191;, iru M @ 4 jlyhv irupxod +61416,1

Dfnqrzohgjhphqw

Wkh dxwkruv duh juhdwo| lqghewhg wr Surihvvru Ihgrvry iru qxphurxv glvfxvvlrqv
rq klv whfkqltxhv1

Uhihuhqfhv
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^DV9;d ` P1 I1 Dwl|dk dqg L1P1 Vlqjhu1 Wkh lqgh{ ri hoolswlf rshudwruv1L1 Dqq1
Pdwk1 ;: +4<9;,/ 7;7~8631

^DV9;e ` P1 I1 Dwl|dk dqg L1 P1 Vlqjhu1 Wkh lqgh{ ri hoolswlf rshudwruv1 LLL1 Dqq1
Pdwk1 ;; +4<9;,/ 45:~4;51

^DV:4 ` P1 I1 Dwl|dk dqg L1 P1 Vlqjhu1 Wkh lqgh{ ri hoolswlf rshudwruv1 LY1 Dqq1
Pdwk1 <6 +4<:4,/ 44<~46;1

^HV<9 ` Mx1 Y1 Hjrury dqg E10Z1 Vfkxo}h1 Svhxgrgl�huhqwldo Rshudwruv/ Vlqjxodu0
lwlhv/ Dssolfdwlrqv1 Elunk�dxvhu Yhuodj/ Edvho hw do1/ 4<<91

^Ihg:7 ` E1 Y1 Ihgrvry1 Dqdo|wlf irupxodv iru wkh lqgh{ ri hoolswlf rshudwruv1 Wuxg|
Prvn1 Pdw1 Revkfk1 63 +4<:7,/ 48<~5741

^Ihg:; ` E1 Y1 Ihgrvry1 D shulrglflw| wkhruhp lq wkh dojheud ri v|perov1 Pdw1 Ve1
438 +4<:;,/ 955~96:1

^Ihg<8 ` E1 Y1 Ihgrvry1 Ghirupdwlrq Txdqwl}dwlrq dqg Lqgh{ Wkhru|1 Dndghplh00
Yhuodj/ Ehuolq/ 4<<81

^IV<9 ` E1 Y1 Ihgrvry dqg E10Z1 Vfkxo}h1 Rq wkh Lqgh{ ri Hoolswlf Rshudwruv rq
d Frqh1 Suhsulqw PSL2<9064/ Pd{0Sodqfn0Lqvw1 i�xu Pdwk1/ Erqq/ 4<<9/
63 ss1

^Klu<3 ` W1 Kluvfkpdqq1 Ixqfwlrqdo dqdo|vlv lq frqh dqg hgjh Vrerohy vsdfhv1
Dqqdov ri Joredo Dqdo|vlv dqg Jhrphwu| ; +4<<3,/ 49:~4<51

^Ohy<6 ` V1 Ohyhqgruvnll1 Ghjhqhudwh Hoolswlf Htxdwlrqv1 Noxzhu Dfdghplf Sxe0
olvkhuv/ Gruguhfkw QO/ 4<<61

^Oxn:5 ` J1 Oxnh1 Svhxgrgl�huhqwldo rshudwruv rq Kloehuw exqgohv1 M1 Gl�1 Htx1
45 +4<:5,/ 899~8;<1

^Pdq<8 ` I1 Pdqwoln1 Qrup forvxuh dqg h{whqvlrq ri wkh v|perolf fdofxoxv iru wkh
frqh dojheud1 Dqq1 Joredo Dqdo1 dqg Jhrphwu| 46 +4<<8,/ qr1 7/ 66<~6:91

^PNU<: ` Y1 J1 Pd}*|d/ Y1 Nr}ory/ dqg M1 Urvvpdqq1 Srlqw Erxqgdu| Vlqjxodulwlhv
lq Hoolswlf Wkhru|1 DPV/ Surylghqfh/ U1L1/ 4<<:1

^PQ<9 ` U1 E1 Phourvh dqg Y1 Qlvwru1 Krprorj| ri Svhxgrgl�huhqwldo Rshudwruv1
L= Pdqlirogv zlwk Erxqgdu|1 Pdqxvfulsw PLW/ Ervwrq/ 4<<91

^Sod;< ` E1 D1 Sodphqhyvnll1 Dojheudv ri Svhxgrgl�huhqwldo Rshudwruv1 Noxzhu
Dfdghplf Sxeolvkhuv/ Gruguhfkw QO/ 4<;<1

^UVW<: ` Y1 V1 Udelqrylfk/ E10Z1 Vfkxo}h/ dqg Q1 Q1 Wdunkdqry1 D Fdofxoxv ri
Erxqgdu| Ydoxh Sureohpv lq Grpdlqv zlwk Qrq0Olsvfklw} Vlqjxodu Srlqwv1
Suhsulqw </ Xqly1 Srwvgdp/ Srwvgdp/ Pd| 4<<:/ 8: ss1

^Urv<9 ` J1 Urvhqeoxp1 Wkh Lqgh{ ri Frqh Phoolq Rshudwruv1 Pdqxvfulsw/ J�rwheruj
Xqly1/ J�rwheruj/ Dsulo 4<<91

^Vfk<3 ` E10Z1 Vfkxo}h1 Phoolq uhsuhvhqwdwlrqv ri svhxgrgl�huhqwldo rshudwruv rq
pdqlirogv zlwk fruqhuv1 Dqq1 Joredo Dqdo1 dqg Jhrphwu|/ ; +4<<3,/ qr1 6/
594~5<:1
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