
LGHQWLILFDWLRQ RI WKH QRQOLQHDU GHFUHDVLQJ
V\VWHP/ UHSUHVHQWHG E\ YROWHUUD SRO\QRPLDO

ZLWK WKH VHSDUDEOH NHUQHOV

G1L1 Edvkdohlvkylol

Lydqh Mdydnklvkylol Welolvl Vwdwh Xqlyhuvlw|
Wkh Idfxow| ri Dssolhg Pdwkhpdwlfv dqg Frpsxwhu Vflhqfhv

5/ Xqlyhuvlw| vwu1/ Welolvl/ 6;3376/ Jhrujld

+Uhflhyhg= Mdqxdu| 43/ 4<<9,

Devwudfw

7KH SUREOHP RI LGHQWLoFDWLRQ RI WKH QRQOLQHDU GHFUHDVLQJ V\VWHP� UHSUHVHQWHG E\

9ROWHUUD SRO\QRPLDO ZLWK WKH VHSDUDEOH NHUQHOV LV VHW� 7KH WKHRUHP RI WKH XQLTXHQHVV

RI WKH VROXWLRQ DQG WKH WKHRUHP ZLWK WKH KHOS RI ZKLFK WKH SUREOHP RI QRQOLQHDU LGHQ�

WLoFDWLRQ RI GHFUHDVLQJ V\VWHP LV UHGXFHG WR WKH SUREOHP RI TXDVLOLQHDU LGHQWLoFDWLRQ

ZLWK VKRUW LQLWLDO GDWD DUH SURYHG� 7KH VHW SUREOHP RI �WKH EODFN ER[� LGHQWLoFDWLRQ

LV VROYHG RQ WKH EDVLV RI VXFK D SURMHFWLYH PHWKRG
V VFKHPH ZKLFK QDWXUDOO\ OHDGV WR

VROXWLRQ RI WKH V\VWHP RI QRQOLQHDU DOJHEUDLF HTXDWLRQV E\ PHDQV RI WKH FRPSXWHU�

Nh| zrugv dqg skudvhv= ,GHQWLoFDWLRQ RI WKH V\VWHP� GHFUHDVLQJ V\VWHP� LQFUHDV�

LQJ V\VWHP� IXQFWLRQDO HTXDWLRQ� VHSDUDEOH NHUQHO� TXDVLOLQHDU V\VWHP� QRQOLQHDU V\VWHP�

WKH EODFN ER[�

DPV vxemhfw fodvvl�fdwlrq= ��������� ��������� ���������

Wkh vroxwlrq ri wkh lghqwl�fdwlrq ri wkh ghfuhdvlqj v|vwhpv +GV, +ri
fuxvklqj dqg julqglqj dssdudwxvhv, lv ri juhdw lpsruwdqfh lq wkh dxwrpd0
wl}hg ghvljq sureohpv ri whfkqrorjlfdo flufxlwv ri ghsduwphqwv ri fuxvklqj
dqg julqglqj ri plqhudov dqg rwkhu pdwhuldov ri frqfhqwudwlqj ploov dqg
rwkhu lqgxvwuldo zrunv ^4`1

41 Wkh qrqolqhdu ghfuhdvlqj v|vwhp/ uhsuhvhqwhg e| phdqv ri Yrowhuud
sro|qrpldo +%zlwk uhjdug wr i+{, %, ri ghjuhh q zlwk wkh vhsdudeoh nhuqhov
kdv wkh irup ^4`

*+{, @
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�'�

s�F
3�
�
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�+{,> { 5 ^3> d`> *+d, @ 3> +4,

zkhuh
*
�+{, @
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%

Z�+{> |,i+|,g|> *
�+d, @ 3> +5,
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F� @

] @

f

*�
�+{,g{> l @ 4> q> F� @ 4 +6,

dqg

s� � 3> l @ 4> q>
?[
�'�

s� @ 4= +7,

Zkhq vroylqj wkh sureohp ri lghqwl�fdwlrq ri wkh qrqolqhdu ghfuhdvlqj
v|vwhp/ uhsuhvhqwhg e| wkh vxevwdqwldo ixqfwlrqdo sro|qrpldo/ wkh txhvwlrq
ri xqltxhqhvv ri srvlwlyh vroxwlrq *

�+{, ri htxdwlrq +4, lv vroyhg xqltxho|
e| Fduwhvldq wkhruhp +uxoh, +wkh qxpehu ri srvlwlyh urrwv lv htxdo ru vpdoohu
wkdq wkh qxpehu ri vljqv fkdqjhv lq wkh dojheudlf sro|qrpldo frh�flhqwv
vhulhv e| dq hyhq qxpehu ^5`,1 Lqghhg/ dv lq h{suhvvlrq +4, frh�flhqwv duh
s�F

3�
� A 3 ;� @ 4> q> htxdwlrq

?[
�'�

s�F
3�
�

*�
�+{,� *+{, @ 3 ;{ 5 ^3> d` +8,

kdv d xqltxh srvlwlyh vroxwlrq *�+{, 1

Lq wkh lghqwl�fdwlrq sureohp ri wkh vwxglhg qrqolqhdu ghfuhdvlqj v|vwhp
wkh glvwulexwlrq ghqvlwlhv ri pdvv e| vl}hv i+{, dqg *+{,> duh frqvlghuhg
dv jlyhq/ dqg sdudphwhuv s�> l @ 4> q> F�> l @ 5> q dqg glvwulexwlrq ghqvlw|

Z�+{> |,> vdw|vi|lqj frqglwlrqv Z�+{> |, � 3>
+U
f

Z�+{> |,g{ @ 4

;| 5 ^3> d` duh xqnqrzq1 Wkh sureohpv ri wklv w|sh duh fdoohg lghqwl�fdwlrq
sureohpv ri %d eodfn er{%1

Ehiruh vroylqj wkh vhw sureohp ri lghqwl�fdwlrq ri wkh ghfuhdvlqj v|vwhp
uhsuhvhqwhg e| phdqv ri Yrowhuud sro|qrpldo zlwk vhsdudeoh nhuqhov/ lw*v
qhfhvvdu| wr glvfxvv wkh txhvwlrq ri xqltxhqhvv ri vroxwlrq ri lghqwl�fdwlrq
sureohp ri wkh txdvlolqhdu ghfuhdvlqj v|vwhp1 Wkh deryh sureohp lv vhw
dv wkh sureohp ri vroxwlrq ri ixqfwlrqdo htxdwlrq +4, zlwk q @ 4 +s� @
4> F� @ 4, lq uhjdug wr ixqfwlrq Z�+{> |, zlwk jlyhq glvwulexwlrq ghqvlwlhv
i+{, dqg *+{, ^6/7`1 Wklv ixqfwlrqdo htxdwlrq vroxwlrq lv vrxjkw lq wkh
qrqolqhdu vhw

P/ @ iZ +{> |, 5 O�+^3> |`� ^3> d`, = Z +{> |, � 3>] +

f
Z +{> |,g{ @ 4 ;| 5 ^3> d`j=

Qrz ohw xv suryh wkdw wkh vroxwlrq lv xqltxh lq fodvv P/ � O�+^3> |` �
^3> d`, li lw h{lvwv lq lw1 Ohw xv �uvw lqwurgxfh wkh ixqfwlrq

]+{, @

] @

%

Z +{> |,g|> { 5 ^3> d`> Z +{> |, 5 P/
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dqg vhw +lw zloo eh hvwlpdwhg pruh suhflvho| ehorz,

fP~ @ i]+{, 5 O�^3> d` = ]+{, � 3>

] @

f
]+{,g{ @ dj =

Dw �uvw vljkw ]+{, @ 4 iroorzv iurp wklv h{suhvvlrq doprvw hyhu|zkhuh rq
^3> d` / exw lq idfw wklv lv qrw wkh fdvh1 Lqghhg/ zh kdyh

Wkhruhp 4 Ixqfwlrq ]+{, 9@ 4 doprvw hyhu|zkhuh rq wkh vhjphqw
^3> d` 1

Surri1 Ohw lq h{suhvvlrq +4, zlwk q @ 4 i+{, @ d3�;{^3> d` 1 Wkhq
zh kdyh ]+{, @ d*+{, 1 Ohw xv vhw wkh frqwudu|/ wkdw lv ]+{, @ 4 doprvw
hyhu|zkhuh rq wkh vhjphqw ^3> d` 1 Wkhq *+{, @ d3�;{ 5 ^3> d` iroorzv
iurp htxdwlrq ]+{, @ d*+{, / dqg wklv phdqv htxlydohqfh +htxdolw|, ri
txdvlolqhdu rshudwru +4, zkhq q @ 4 zlwk wkh lghqwlfdo rshudwru +lw*v olq0
hdu,/ zklfk frqwudglfwv wkh gh�qlwlrq ri wkh txdvlolqhdu rshudwru +ri wkh
txdvlolqhdu ghfuhdvlqj v|vwhp,1 Wkh frqwudglfwlrq suryhv wkh wkhruhp1

�
Wkh wkhruhp |lhogv wkh hylghqw

Fruroodu| 4 Ixqfwlrq ]+{, 9@ frqvw doprvw hyhu|zkhuh rq wkh vhj0
phqw ^3> d` 1

Vxfk d vhw fP~ lv gh�qhg pruh suhflvho| e| wkh vhw

P~ @ i]+{, 5 O�^3> d` = ]+{, � 3> ]+{, 9� 4>

] @

f
]+{,g{ @ dj =

Wkhruhp 5 Vhwv P/ dqg P~ duh htxlydohqw +P/ � P~, / wkdw lv
rqh0wr0rqh fruuhvsrqghqfh h{lvwv ehwzhhq wkhlu hohphqwv1

Surri1 Wkh vhw ri qrqqhjdwlyh vroxwlrqv ri wkh ixqfwlrqdo htxdwlrq
+U
f

Z +{> |,g{ @ 4 frlqflghv zlwk wkh vhw ri qrqqhjdwlyh vroxwlrqv ri wkh

ixqfwlrqdo htxdwlrq
@U
f

g|
+U
f

Z +{> |,g{ @ d lq ylhz ri nhuqho gh�qlwlrq

Z +{> |, 5 P/ 1
Dv nhuqho Z +{> |, 5 P/ � O�^3> |`�^3> d` / e| yluwxh ri Ixelql wkhruhp/

zh kdyh ] @

f
g{

] @

%

Z +{> |,g| @

] @

f
g|

] +

f
Z +{> |,g{ @ d =

Lw iroorzv iurp wklv wkdw wkh vhw ri qrqqhjdwlyh vroxwlrqv ri wkh htxdwlrq
@U
f

g|
+U
f

Z +{> |,g{ @ d +zkhuh wkh lqwhuqdo lqwhjudo lv htxdo wr xqlw| do0

prvw hyhu|zkhuh, frlqflghv zlwk wkh vhw ri qrqqhjdwlyh vroxwlrqv ri wkh

6
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htxdwlrq
@U
f

g{
@U
%

Z +{> |,g| @ d +zkhuh e| yluwxh ri wkhruhp 4 wkh lqwhuqdo

lqwhjudo lvq*w htxdo wr xqlw| doprvw hyhu|zkhuh,1 Wudqvlwlylw| lv hylghqw/

wkdw lv/ wkh vhwv ri qrqqhjdwlyh vroxwlrqv ri htxdwlrqv
+U
f

Z +{> |,g{ @ 4

dqg
@U
f

g{
@U
%

Z +{> |,g| @ d frlqflgh1 Lw lv h{dfwo| wklv vhw zklfk lv ghqrwhg

wkurxjk P/ 1 Qrz ohw xv ghqrwh wkh odvw htxdwlrq dv wkh htxdwlrq zlwk

uhjdug wr ixqfwlrq ]+{, / wkdw lv
@U
f

]+{,g{ @ d 1 Wkh fodvv ri htxlydohqw

ixqfwlrqv zlwk ixqfwlrq ]+{, � 4 / wr zklfk nhuqho Z +{> |, 5 P/ grhvq*w
fruuhvsrqg/ lv uhpryhg iurp wkh vhw ri qrqqhjdwlyh vroxwlrqv e| yluwxh ri
wkhruhp 41 Wkh uhpdlqlqj sduw ri wkh qrqqhjdwlyh vroxwlrqv pdnhv xs wkh
vhw

P~ @ i]+{, @

] @

%

Z +{> |,g| 5 O�^3> d` = ]+{, � 3> ]+{, 9� 4>] @

f
]+{,g{ @ dj =

Vxfk d vhw P/ ri wkh qrqqhjdwlyh vroxwlrqv ri wkh ixqfwlrqdo htxdwlrq
@U
f

g{
@U
%

Z +{> |,g| @ d dqg vhw P~ ri wkh qrqqhjdwlyh vroxwlrqv ri ixqf0

wlrqdo htxdwlrq
@U
f

]+{,g{ @ d kdyh lghqwlfdo srzhu dv reylrxv lpsolfdwlrqv

Z +{> |, 5 P/ ,
@U
%

Z +{> |,g| 5 P~ dqg
@U
%

Z +{> |,g| 5 P~ ,
, Z +{> |, 5 P/ wdnh sodfh1 Khqfh P/ dqg P~ duh htxlydohqw vhwv1 Wkh
wkhruhp lv suryhg1

�
Wkh qh{w wkhruhpv iroorz iurp wkhruhp 5 dv d frqvhtxhqfh

Wkhruhp 6 Z�+{> |,
@�e�
@ Z2+{> |, , ]�+{,

@�e�
@ ]2+{, / zkhuh

Z�>Z2 5 P/ dqg ]�> ]2 5 P~ 1

Wkhruhp 7 Ohw rq wkh wuldqjoh ^3> |` � ^3> d` +ru rq lwv fhuwdlq vxe0
vhw ri srvlwlyh phdvxuh, doprvw hyhu|zkhuh Z�+{> |, 9@ Z2+{> |, / wkhq rq
wkh vhjphqw ^3> d` +ru rq lwv gh�qlwh vxevhw ri srvlwlyh phdvxuh, doprvw
hyhu|zkhuh ]�+{, 9@ ]2+{, / zkhuh Z�>Z2 5 P/ dqg ]�> ]2 5 P~ 1

Wkhruhp 8 Ohw rq wkh vhjphqw ^3> d` +ru rq lwv fhuwdlq vxevhw ri
srvlwlyh phdvxuh, doprvw hyhu|zkhuh ]�+{, 9@ ]2+{, wkhq rq wkh wuldqjoh
^3> |` � ^3> d` +ru rq lwv gh�qlwh vxevhw ri srvlwlyh phdvxuh, doprvw hyhu|0
zkhuh Z�+{> | 9@ Z2+{> |, / zkhuh ]�> ]2 5 P~ dqg Z�>Z2 5 P/ 1

7
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Wkhruhp 9 ]�+{,
@�e�
@ ]2+{, , Z�+{> |,

@�e�
@ Z2+{> |, / zkhuh

]�> ]2 5 P~ dqg Z�>Z2 5 P/ 1

Qrz ohw xv suryh wkh edvlf wkhruhp ri wkhru| ri lghqwl�fdwlrq ri wkh
txdvlolqhdu ghfuhdvlqj v|vwhp1

Wkhruhp : Li wkh ixqfwlrqdo htxdwlrq *+{, @
@U
%

Z +{> |,i+|,g| kdv d

vroxwlrq Z�+{> |, lq fodvv P/ @ iZ +{> |, 5 O�+^3> |`� ^r> d`, = Z +{> |, �
3>

+U
f

Z +{> |,g{ @ 4 ;| 5 ^3> d`j / wkhq lw lv xqltxh zlwk dffxudf| wr wkh

ixqfwlrq htxlydohqfh1

Surri1 Ohw xv vhw wkh frqwudu|/ wkdw lv/ wkh ixqfwlrqdo htxdwlrq kdv
wzr vroxwlrqv Z�+{> |, dqg Z2+{> |, / zkhuh Z�+{> |, 9@ Z2+{> |, doprvw
hyhu|zkhuh rq wkh wuldqjoh ^3> |`� ^3> d` +ru rq lwv fhuwdlq vxevhw ri srvlwlyh
phdvxuh,1 Khqfh/ e| yluwxh ri wkhruhp 7/ ]�+{, 9@ ]2+{, doprvw hyhu|0
zkhuh rq wkh vhjphqw ^3> d` +ru rq lwv gh�qlwh vxevhw ri srvlwlyh phdvxuh,1

Dv e| dvvxpswlrq nhuqhov Z�+{> |, dqg Z2+{> |, duh wkh vroxwlrqv ri
wkh xqnqrzq ixqfwlrqdo htxdwlrq/ wkhq] @

%

^Z�+{> |,�Z2+{> |,`i+|,g| @ 3> { 5 ^3> d` >

zkhuh i+{, lv dq duelwudu| glvwulexwlrq ghqvlw| +hylghqwo|/ gl�huhqw iurp
wkh lghqwlfdo }hur,1 Ohw i+{, @ d3�;{ 5 ^r> d` 1 Wkhq zh kdyh] @

%

^Z�+{> |,�Z2+{> |,`g| @ 3> { 5 ^3> d` >

zklfk frqwudglfwv lqhtxdolw| ]�+{, 9@ ]2+{, dqg khqfh/ e| yluwxh ri wkh0
ruhp 8/ dvvxpswlrq Z�+{> |, 9@ Z2+{> |, 1 Lq vxfk d zd| lw*v suryhg wkdw
wkh ixqfwlrqdo htxdwlrq

k+{, @

] @

%

Z +{> |,d3�g| > { 5 ^3> d` >

zkhuh k+{, lv wkh glvwulexwlrq ghqvlw| rq wkh txdvlolqhdu ghfuhdvlqj v|v0
whp*v rxwsxw zkhq wkhuh lv dq hyhq glvwulexwlrq ghqvlw| i+{, @ d3�;{ 5
^3> d` rq wkh lqsxw/ kdv d xqltxh vroxwlrq Z�+{> |, 1 Wkhq iru dq duelwudu|
glvwulexwlrq ghqvlw| i+{, / gl�huhqw iurp dq hyhq glvwulexwlrq ghqvlw|/ wkhuh
h{lvwv d fruuhvsrqglqj glvwulexwlrq ghqvlw| *+{, / ghwhuplqhg e| wkh h{suhv0
vlrq

*+{, @

] @

%

Z�+{> |,i+|,g|> { 5 ^3> d` =

8
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Ohw xv qrz frqvlghu wkh txdvlolqhdu wudqvirupdwlrq

��*+{, . �2k+{, @

] @

%

Z�+{> |,^��i+|, . �2d
3�`g|>

�� A 3> �2 A 3> �� . �2 @ 4 =

Lw lv hylghqw wkdw/ dw ohdvw/ rqh vroxwlrq Z�+{> |, ri wklv ixqfwlrqdo htxdwlrq
h{lvwv1 Qrz ohw xv vhw wkdw ehvlghv vroxwlrq Z�+{> |,> wkhuh h{lvwv dqrwkhu
vroxwlrq Z2+{> |, dv zhoo/ wkhuhdw Z�+{> |, 9@ Z2+{> |, doprvw hyhu|zkhuh
rq wkh jlyhq wuldqjoh ru rq lwv fhuwdlq vxevhw ri srvlwlyh phdvxuh1 Wkhq
iurp wklv ixqfwlrqdo htxdwlrq iru dq| �{hg phdqlqj �� 5 +3> 4, xqltxho|
dqg vlpxowdqhrxvo| wzr htxdwlrqv iroorz

*+{, @

] @

%

Z�+{> |,i+|,g|> { 5 ^3> d` >

k+{, @

] @

%

Z�+{> |,d
3�g|> { 5 ^3> d` >

dqg hdfk ri wkhp/ e| yluwxh ri dvvxpswlrq/ pxvw kdyh wzr vroxwlrqv hdfk
Z�+{> |, dqg Z2+{> |, 1 Krzhyhu/ dffruglqj wr wkh deryh suryhg wkh odvw
htxdwlrq kdv rqo| rqh vroxwlrq Z�+{> |, @ Z2+{> |, / zklfk frqwudglfwv
dvvxpswlrq Z�+{> |, 9@ Z2+{> |, 1 Wkh frqwudglfwlrq suryhv wkh wkhruhp1

�
Wkh vhw sureohp ri txdvlolqhdu ghfuhdvlqj v|vwhp ri lghqwl�fdwlrq lv

htxlydohqw wr wkh sureohp ri wkh vroxwlrq ri ixqfwlrqdo htxdwlrqv v|vwhp

*+{, @

] @

%

i+|,Z +{> |,g|>

4 @

] +

f
Z +{> |,g{

zlwk uhjdug wr wkh ixqfwlrq Z +{> |, 1 Lw lv vroyhg e| wkh surmhfwlyh phwkrg/
zklfk uhgxfhv wkh sureohp ri vroxwlrq ri ixqfwlrqdo htxdwlrqv v|vwhp wr wkh
sureohp ri vroxwlrq ri olqhdu dojheudlf htxdwlrqv v|vwhp ^6/7`1 Zh zdqw wr
h{whqg wkh vdph phwkrg rqo| lq d fkdqjhg irup wr wkh sureohp ri lghq0
wl�fdwlrq ri hvvhqwldoo| qrqolqhdu ghfuhdvlqj v|vwhpv uhsuhvhqwhg wkurxjk
+exw qrw lq d irup, Yrowhuud sro|qrpldo zlwk wkh vhsdudeoh nhuqhov +wklv
fodvv ri qrqolqhdu ghfuhdvlqj v|vwhp lv qduurzlqj ri Yrowhuud sro|qrpldo
ghwhuplqhg rq dq| olqhdu olplwhg vxevhw U ri Edqdfk vsdfh F^3> d` ru
OR^3> d` / s 5 ^4>4` / rq wkh qrqolqhdu vxevhw Ps @ ii+{, 5 I = i+{, �
3>

@U
f

i+{,g{ @ 4j � U / zkhuh I lv d Edqdfk vsdfh1

Sursrvlwlrq wdnhv sodfh

9



. Lghqwl�fdwlrq ri wkh qrqolqhdu ghfuhdvlqj 111 DPL Yro16/ 4<<;Qr14/4<<<

Sursrvlwlrq 4 Li wkh ixqfwlrq Z�+{> |, lv wkh vroxwlrq ri ixqfwlrqdo
htxdwlrqv v|vwhp +d sureohp ri wkh qrqolqhdu ghfuhdvlqj v|vwhp lghqwl�fd0
wlrq,

*+{, @
?[
�'�

s�F
3�
�

� @]
%

Z�+{> |,i+|,g|
��
>

+]
f

Z�+{> |,g{ @ 4>

+9,

wkhq wkh vdph ixqfwlrq Z�+{> |, lv d xqltxh vroxwlrq ri ixqfwlrqdo htxd0
wlrqv v|vwhp +d sureohp ri wkh txdvlolqhdu ghfuhdvlqj v|vwhp lghqwl�fdwlrq,

*
�+{, @

] @

%

Z�+{> |,i+|,g|>] +

f
Z�+{> |,g{ @ 4=

+:,

Surri1 Ohw ixqfwlrqdo htxdwlrqv v|vwhp +9, kdyh d vroxwlrq Z�+{> |,=
Wkhq zh kdyh wkh lghqwlw|

*+{, �
?[
�'�

s�F
3�
�

� ] @

%

Z�+{> |,i+|,g|
��
= +;,

Dv wkh ixqfwlrq Z�+{> |, lv wkh vroxwlrq ri wkh vhfrqg ixqfwlrqdo htxdwlrq

ri v|vwhp +9,/ wkh ixqfwlrq *
�+{, �

@U
%

Z�+{> |,i+|,g| vdwlv�hv frqglwlrq

@U
f

*
�+{,g{ @ 4= Wkhq lghqwlw| +;, kdv wkh irup

*+{, �
?[
�'�

s�F
3�
�

*�
�+{,>

zklfk phdqv xqltxhqhvv ri wkh srvlwlyh vroxwlrq *
�+{, ri htxdwlrq +8,1

Khqfh/ wkh ixqfwlrq *
�+{, lv d glvwulexwlrq ghqvlw|1 Vlqfh lw lv wkh glvwul0

exwlrq ghqvlw| *
�+{, zklfk dsshduv lq sureohp +:,/ wkh ixqfwlrq Z�+{> |,

lv wkh xqltxh vroxwlrq ri v|vwhp +:,/ e| yluwxh ri wkhruhp :1 Wkh wkhruhp
lv suryhg1

�
Wkh frqwudu| dovr wdnhv sodfh

Sursrvlwlrq 5 Li wkh ixqfwlrq Z�+{> |, lv wkh vroxwlrq ri ixqfwlrqdo
htxdwlrqv v|vwhp +:,+lw*v xqltxh,/ wkhq wkh ixqfwlrq Z�+{> |, lv wkh xqltxh
vroxwlrq ri ixqfwlrqdo htxdwlrqv v|vwhp +9,1

:
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Surri1 Dv glvwulexwlrq ghqvlw| *
�+{, lv wkh xqltxh srvlwlyh vroxwlrq ri

htxdwlrq +8,/ dqg fruuhvsrqglqj wr lw lghqwl�fdwlrq txdvlolqhdu sureohp kdv

d xqltxh vroxwlrq Z�+{> |,> / glvwulexwlrq ghqvlw| *�+{, @
@U
%

Z�+{> |,i+|,g|

frqyhuwv htxdwlrq +8, lqwr lghqwlw| +;,1 Lw phdqv wkdw wkh ixqfwlrq Z�+{> |,
lv wkh vroxwlrq ri ixqfwlrqdo htxdwlrqv v|vwhp +9,1 Lq vxfk d zd|/ ixqfwlrqdo
htxdwlrqv v|vwhpv +9, dqg +:, kdyh rqh dqg wkh vdph vroxwlrq Z�+{> |,>
zkloh v|vwhp +:, kdv qr rwkhu vroxwlrqv/ e| yluwxh ri wkhruhp :1

Ohw v|vwhp +9, kdyh dqrwkhu vroxwlrq iZ�+{> |, wrr1 Wkhq wkh �uvw
htxdwlrq ri v|vwhp +9, frqyhuwv lqwr lghqwlw|

*+{, �
?[
�'�

s�F
3�
�

� ] @

%

iZ�+{> |,i+|,g|
��
= +<,

Iurp frpsdulvrq ri h{suhvvlrqv +;, dqg +<,/ e| yluwxh ri glvwulexwlrq ghq0
vlw| *�+{, xqltxhqhvv/ zh kdyh] @

%

Z�+{> |,i+|,g| @

] @

%

iZ�+{> |,i+|,g|=

Lw phdqv wkdw wkh ixqfwlrq iZ�+{> |, lv wkh vhfrqg vroxwlrq ri v|vwhp
+:,/ zklfk lv lpsrvvleoh1 Wkh rewdlqhg frqwudglfwlrq suryhv xqltxhqhvv ri
vroxwlrq Z�+{> |, ri v|vwhp +9,1

�
Suryhg sursrvlwlrqv 4 dqg 5 dgplw wr uhsodfh qrqolqhdu lghqwl�fdwlrq

sureohp vroxwlrq +9, e| txdvlolqhdu lghqwl�fdwlrq vlpsohu sureohp +:,1 Krz0
hyhu/ lq sureohp +:, glvwulexwlrq ghqvlw| *

�+{, lvq*w jlyhq +glvwulexwlrq
ghqvlw| *+{, lv jlyhq,1 Wkhuhiruh uhsuhvhqwdwlrq sureohp *

�+{, dulvhv
wkurxjk wkh jlyhq glvwulexwlrq ghqvlw| *+{,= Wkh srvvlelolw| ri wklv uhs0
uhvhqwdwlrq lv jlyhq e| wkh vroxwlrq ri htxdwlrq +8, zlwk uhjdug wr *

�+{,=
Wkrxjk htxdwlrq +8, kdv dozd|v d xqltxh srvlwlyh vroxwlrq ~ glvwulexwlrq
ghqvlw| *

�+{, iru dq| �qlwh ydoxhv ri q> wkh vroxwlrq *
�+{, lv h{suhvvhg

lq udglfdov rqo| zkhq q @ 5> 6> 7 1
Ohw xv frq�qh rxuvhoyhv wr wkh fdvh q @ 5= Htxdwlrq +8, wdnhv wkh irup

ri wkh txdgudwlf htxdwlrq

s2F
3�
2

*2
�+{, . s�*�+{,� *+{, @ 3 +43,

zlwk uhjdug wr *
�+{,= Dv iru s� 5 ^3> 4,> F3�2 A 3 dqg *+{, � 3 ;{ 5

^3> d` glvfulplqdqw G+{, @ �7+4�s�,F
3�
2 *+{,�s2� ? 3> htxdwlrq +43, kdv

d xqltxh srvlwlyh vroxwlrq

*
�+{, @

.
t

s2� . 7+4� s�,F
3�
2 *+{,� s�

5+4� s�,F
3�
2

+44,

;
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lv d glvwulexwlrq ghqvlw|1 Khqfh/ e| yluwxh ri sursrvlwlrqv 4 dqg 5/ qrq0
olqhdu lghqwl�fdwlrq sureohp +9, zlwk q @ 5 lv uhsodfhg e| txdvlolqhdu
lghqwl�fdwlrq sureohp

.
t
s2� . 7+4� s�,F

3�
2 *+{,� s�

5+4� s�,F
3�
2

@

] @

%

Z�+{> |,i+|,g|>

] @

%

Z�+{> |,g{ @ 4> ;| 5 ^3> d`=

+45,

51 Wkh wkhruhpv ri wkh suhylrxv vhfwlrq doorz wr vroyh wkh sureohp
ri lghqwl�fdwlrq ri wkh ghfuhdvlqj v|vwhp/ uhsuhvhqwhg wkurxjk Yrowhuud
sro|qrpldo zlwk wkh vhsdudeoh nhuqhov wr wkh irxuwk ghjuhh lqfoxvlyh vlqfh
glvwulexwlrq ghqvlwlhv *

�+{, duh uhsuhvhqwhg e| udglfdov iurp xqnqrzq sd0
udphwhuv dqg wkh nqrzq glvwulexwlrq ghqvlw| *+{,= Iru wkh ydoxh ri q @ 4>
wkdw*v iru *

�+{, @ *+{,> wkh vroxwlrq phwkrg zdv ghwhuplqhg e| wkhruhp
jlyhq lq wkh hduolhu duwlfoh ri wkh dxwkru ^7`1 Wkh vroxwlrq ri lghqwl�fd0
wlrq sureohp lv uhgxfhg wr wkh �qlwh0glphqvlrqdo sureohp ri vroxwlrq ri wkh
v|vwhp ri olqhdu dojheudlf htxdwlrqv

&[
�'�

F��j� @ e�> l @ 4> n> +46,

zkhuh

F�� @

] @

f
#�+{,g{

] @

%

$�+{> |,i+|,g| @

] @

f
i+|,g|

] +

f
#�+{,$�+{> |,g{>

l @ 4> n> m @ 4> n>

e� @

] @

f
#�+{,*�+{,g{> l @ 4> n>

dqg #�+{,> l @ 4> n dqg $�+{> |,> m @ 4> n duh jlyhq v|vwhpv ri
olqhduo| lqghshqghqw glvwulexwlrq ghqvlwlhv ^6/7`1 Wkh vdph vfkhph ri wkh
surmhfwlyh phwkrg pd| eh xvhg lq fdvhv q @ 5> 6> 7 wrr1 Wkh pdwwhu lv/
wkdw wkh hohphqwv ri pdwul{ +F��, grq*w ghshqg rq xqnqrzq sdudphwhuv
s�> l @ 4> q� 4 dqg F�> l @ 5> q= Rqo| wkh frpsrqhqwv ri yhfwru e @
+e�> e2> = = = > e&,> ghshqg rq wkhvh sdudphwhuv/ wkdw lv

e� @ "
�+s�> s2> = = = > s?3�> F2> F�> = = = > F?,> l @ 4> n=

Frqvhtxhqwo|/ lw*v qhfhvvdu| wr lqfuhdvh wkh qxpehu ri htxdwlrqv n lq h{0
suhvvlrq +46, e| qxpehu ri xqnqrzq sdudphwhuv 5q� 5 wr �qg j�> m @

<
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@ 4> n dqg s�> s2> = = = > s?3�> F2> F�> = = = > F? 1 Wkhq lqvwhdg ri h{suhvvlrq
+46, wkh qrqolqhdu htxdwlrqv v|vwhp zloo eh

&[
�'�

F��j� � "
�+s�> s2> = = = > s?3�> F2> F�> = = = > F?, @ 3>

l @ 4> n . 5q� 5>

+47,

zkhuh
"
�+s�> s2> = = = > s?3�> F2> F�> = = = > F?, @

@

] @

f
#�+{,h*�+{> s�> s2> = = = > s?3�F2> F�> = = = > F?,g{>

+48,

dqg *
�+{, @ h*

�+{> s> F, +lw lv ghwhuplqhg e| h{suhvvlrq +44, zkhq q @ 5 ,1
Zkhq q @ 5 / h{suhvvlrq +47,/ lv jlyhq lq wkh irup

F��j� . F�2j2 . = = =. F�&j& � "�+s�> F
3�
2 , @ 3>

F2�j� . F22j2 . = = =. F2&j& � "2+s�> F
3�
2 , @ 3>

= = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = =

F&�j� . F&2j2 . = = =. F&&j& � "&+s�> F
3�
2 , @ 3>

F&n� �j� .F&n� 2j2 . = = =. F&n� &j& � "
&n�+s�> F

3�
2 , @ 3>

F&n2 �j� .F&n2 2j2 . = = =. F&n2 &j& � "
&n2+s�> F

3�
2 , @ 3=

E| frpsdulvrq zlwk sureohp +46, n+5q � 5, ri hohphqwv F�� > m @
4> n> l @ n . 4> n . 5q� 5 dqg 5q�5 ri frpsrqhqwv e&n�> e&n2> = = = > e&n2?32
ri yhfwru e duh frpsxwhg lq dgglwlrq lq sureohp +47,/ zkhuh wkh fdofxod0
wlrqv ri e� @ "

� ehfrph frpsolfdwhg1
Qrqolqhdu htxdwlrqv v|vwhp +47, lv vroyhg e| joredo frqyhujhqw prgl0

�fdwlrqv ri Qhzwrq phwkrg ^8/9/:`/ iru h{dpsoh/ e| Ohyhqehuj0Pdunydug
phwkrg dv lw lv �w qrw rqo| iru frqyh{ ixqfwlrqv/ dqg frqyhujhqfh lv jxdu0
dqwhg lqghshqghqwo| iurp wkh lqlwldo dssur{lpdwlrq1 Surjudpph %Pdwk0
Fdg% lv xvhg iru fdofxodwlrq ri pdwul{ hohphqwv +F��, dv zhoo dv iru ixqfwlrq
"
� 1 Ilqdoo| wkh dssur{lpdwlrq vroxwlrq ri qrqolqhdu ghvfuhdvlqj lghqwl�fd0

wlrq sureohp wdnhv wkh irup

Z
E&�
� +{> |, @

&[
�'�

ej�$�+{> |,>
dqg wkh ghfuhdvlqj v|vwhp pdwkhpdwlfdo prgho lv

h*+{, @ ?[
�'�

es� eF3��

�] @

%

Z
E&�
� +{> |,i+|,g|

��
> q @ 5> 6> 7>

43
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zkhuh ej�> m @ 4> n> es�> es2> = = = > es?3�> eF3�2 > eF3�� > = = = > eF3�? duh wkh frpsr0
qhqwv ri wkh dssur{lpdwh vroxwlrq ri htxdwlrqv v|vwhp +47,/ dqg F3�� @ 4

dqg es? @ 4�
?3�S
�'�

es�=
Wkh dffxudf| ri qrqolqhdu lghqwl�fdwlrq sureohp lv hvwlpdwhg e| uhodwlyh

huuru % ri frpsxwlqj wkh hohphqw h*+{, 5 P)

% @
mm*+{,� h*+{,mm

mm*+{,mm =

Dqdorjrxvo|/ wkh sureohp ri lghqwl�fdwlrq ri qrqolqhdu lqfuhdvlqj v|v0
whp +LV,/ uhsuhvhqwhg e| Yrowhuud sro|qrpldo zlwk wkh vhsdudeoh nhuqhov ^4`
pd| eh vroyhg 1

Dw odvw lw vkrxog eh qrwhg wkdw lghqwl�fdwlrq wkhru| ri wkh vwxglhg vwdwlf
v|vwhpv zklfk kdv ehhq flwhg deryh lq ^7` pd| eh xvhg qrw rqo| iru wkh
srlqwhg whfkqrorjlfdo surfhvvhv uhvhdufk/ exw iru vroxwlrq ri vrph sureohpv
lq pdq| eudqfkhv ri qdwxudo vflhqfhv dv zhoo +sk|vlfv/ fkhplvwu|/ dvwurq0
rp|/ elrorj|/ phglflqh dqg vr rq> iru h{dpsoh/ wkh sureohp ri flwrorjlf
gldjqrvwlfv ri rqfrorjlf dqg rwkhu glvhdvhv li e| i+{, dqg *+{, zh phdq
glvwulexwlrq ghqvlwlhv ri qxfohl qxpehu ri vhoov lq wkhlu vl}h lq qrup dqg
sdwkrorj| dffruglqjo| dqg e| rshudwruv ri GV dqg LV ~ wkh irup ri d glv0
hdvh/ dqg vr rq,1

Uhihuhqfhv

41 G1 L1 Edvkdohlvkylol/ Pdwkhpdwlfdo vhfxulw| ri DFV +wkh dxwrpdwhg frqwuro

v|vwhp, dqg DGV +wkh dxwrpdwhg ghvljqlqj v|vwhp, ri dq| WS +whfkqrorj0

lfdo surfhvv,1 +Uxvvldq, Sduw LLL/ WVX/ Welolvl/ 4<<31

51 O1 L1 Rnxqhy/ Khljkhq dojheud/ +Uxvvldq,/ Prvfrz/ 4<7<1

61 G1 L1 Edvkdohlvkylol/ Pdwkhpdwlfdo vhfxulw| ri DFV +wkh dxwrpdwhg frqwuro

v|vwhp, dqg DGV +wkh dxwrpdwhg ghvljqlqj v|vwhp, ri dq| WS +whfkqrorj0

lfdo surfhvv,/ +Uxvvldq,/ Sduw LY/ WVX/ Welolvl/ 4<<81

71 G1 L1 Edvkdohlvkylol/ Vroxwlrq ri lgh�fdwlrq sureohp ri wkh txdvlolqhdu gh0

fuhdvlqj v|vwhp e| surmhfwlyh phwkrg1 +Uxvvldq, DPL/ WXS/ Yro1L/ 4<<91

81 E1 W1 Sromdn/ Lqwurgxfwlrq wr rswlpl}dwlrq/ +Uxvvldq, P1 Vflhqfh1 4<;61

91 D1 Uhnohlwlv dqg rwkhuv/ Rswlpl}dwlrq lq whfkqltxh/ +Uxvvldq,/ Yroxph 4/

P1/ %Plu%/ 4<;91

:1 D1 Ghqlv/ U1 Vkqdeoh1 Qxphulfdo phwkrgv ri xqfrqvwudlqhg rswlpl}dwlrq

dqg qrqolqhdu htxdwlrqv vroxwlrqv/ +Uxvvldq, P1/ %Plu%/ 4<;;1
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