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Lq wklv sdshu/ zh hvwdeolvk wkh forvh uhodwlrq ehwzhhq wkhvh frpsrqhqwv dqg

wkh Eudipdq sro|qrpldov1 Wkh xvh ri d whfkqltxh ghvfulehg lq dq hduolhu zrun ^5`

ohdgv xv �uvwo| wr ghulyh/ iurp wkh edvlf lghqwlwlhv dqg uhodwlrqv iru O
+�,
p / rwkhu dqdo0

rjrxv iru O
+�>q>n,
p wkdw wxuq rxw wr eh wzr lqwhjudo uhsuhvhqwdwlrqv/ dq rshudwlrqdo

uhsuhvhqwdwlrq/ vrph jhqhudwlqj ixqfwlrqv gh�qhg e| phdqv ri wkh jhqhudol}hg k|0

shuerolf ixqfwlrqv ri rughu q dqg wkh k|shu0Ehvvho ixqfwlrqv/ vrph �qlwh vxpv

lqfoxglqj pxowlsolfdwlrq dqg dgglwlrq irupxodv/ d +5q . 4,0whup uhfxuuhqfh uhod0

wlrq dqg d gl�huhqwldo htxdwlrq ri rughu 5q1 Vhfrqgo|/ wr h{suhvv vrph lghqwlwlhv

ri O
+�,
p dv ixqfwlrqv ri wkh sro|qrpldov O

+�,>q>n
p 1 Vrph sduwlfxodu surshuwlhv ri

O
+�>q>3,
p / wkh �uvw frpsrqhqw/ zloo eh srlqwhg rxw1
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Lw lv dvvxphg wkdw wkh uhdghu lv dftxdlqwhg zlwk wkh uhvxowv uhsruwhg
lq dq hduolhu zrun ^5`1 Wkh qrwdwlrqv dqg whuplqrorjlhv xvhg lq wklv sdshu
zloo eh frqwlqxhg1 Lq sduwlfxodu/ wkh uhdghu lv uhplqghg wkdw +L, � 
ghqrwhv wkh vsdfh ri frpsoh{ ixqfwlrqv dgplwwlqj d Odxuhqw h{sdqvlrq lq
dq dqqxoxv L zlwk fhqwhu lq wkh ruljlq dqg iru dq duelwudu| srvlwlyh lqwhjhu
q/ hyhu| ixqfwlrq i lq  fdq eh zulwwhq dv wkh vxp ri q ixqfwlrqv id?c&o> n @
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Wklv sdshu ghdov zlwk wkh fdvh ri Odjxhuuh sro|qrpldov O
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Zlwk wkh wzr dgglwlrqdo sdudphwhuv q dqg n wkhvh sro|qrpldov fdq eh

ylhzhg dv jhqhudol}dwlrqv ri wkh sro|qrpldov O
Ek�
6 vr zh ehjlq e| vlwxdwlqj

wkh frpsrqhqwv O
Ekc?c&�
6 dprqj wkh jhqhudol}dwlrqv ri O

Ek�
6 lq wkh olwhudwxuh/

pruh suhflvho|/ zh vkdoo vwdwh d uhodwlrq ehwzhhq wkhvh frpsrqhqwv dqg wkh
Eudipdq sro|qrpldov1 Wkhuhdiwhu zh xvh vrph uhvxowv hvwdeolvkhg lq ^5` wr

ghulyh iurp wkh edvlf lghqwlwlhv dqg uhodwlrqv iru O
Ek�
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O
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6 1 Pruh suhflvho|/ zh vkdoo vwdwh iru wkhvh frpsrqhqwv wzr lqwhjudo

uhsuhvhqwdwlrqv/ dq rshudwlrqdo uhsuhvhqwdwlrq/ vrph jhqhudwlqj ixqfwlrqv/
d +5q.4,0whup uhfxuuhqfh uhodwlrq/ d gl�huhqwldo htxdwlrq ri rughu 5q/ vrph
�qlwh vxpv lqfoxglqj pxowlsolfdwlrq dqg dgglwlrq irupxodh1 Wkh frqyhuvh
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Lw lv srvvleoh wr h{suhvv wkhvh frpsrqhqwv e| wkh Eudipdq sro|qrpldov
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Uhfdoo wkdw wkh Odjxhuuh sro|qrpldov kdv wkh zhoo nqrzq iroorzlqj rshud0
wlrqdo uhsuhvhqwdwlrq +vhh iru lqvwdqfh ^44` s14;; Ht1+8,,=

OEk�
6 +}, @

h5}3k

p$
G6+}kn6h35,> G � g

g}
= +614,

Rqh fdq mxvwli| e| lqgxfwlrq wkh iroorzlqj lghqwlw|

}3kG6+}kn6i, @
6\
�'�

+}G . �. m,i> +615,

zkhuh i lv dq duelwudu| gl�huhqwldeoh ixqfwlrq ri }1 Zh kdyh wkhq

OEk�
6 +}, @

h5

p$
+}G . �. 4,6ih35j> +616,

zkhuh

+}G . �. 4,6 @
6\
�'�

+}G . �. m,=

Qrz/ dffruglqj wr wkh ghfrpsrvlwlrq +415, lq ^5`/ wkh rshudwruv +}G.�.4,
dqg +}G . � . 4,6/ duh krprjhqhrxv ri ghjuhh }hur1 Wkhq/ li zh dsso|
wkh surmhfwlrq rshudwruv
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Lq wklv vhfwlrq/ zh vkdoo hvwdeolvk d jhqhudo uhvxow iru ruwkrjrqdo sro|qrpl0
dov1 Wkhuhdiwhu/ zh vkdoo frqvlghu wkh sduwlfxodu fdvh ri Odjxhuuh sro|qr0
pldov1
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{S6+{, @ e63�S63�+{, . d6S6+{, . e6S6n�+{,> p � 3> +914,

zlwk S3�+{, @ 3 dqg Sf+{, @ 41

Wkh Mdfrel pdwul{ ru M0pdwul{ dvvrfldwhg zlwk iS6+{,j"6'f lv wkh iro0
orzlqj uhdo lq�qlwh pdwul{=

M @ +���,�c�'fc�c2c���=

zkhuh wkh frh�flhqwv +���, duh gh�qhg e|

�� � @ d�>��n� � @ d� �n� @ e� dqg d� � @ 3 li ml� mm A 4=

8:



DPL Yro15/ 4<<: \rxvvhi Ehq Fkhlnk .

Iru d qdwxudo lqwhjhu u/ wkh pdwul{ Mo lv d edqg v|pphwulf pdwul{ zlwk
+5u . 4, gldjrqdov/ wkdw lv wr vd|

Mo @
�
�
Eo�
��

�
�c�'fc�c2c���

zlwk �
Eo�
� � @ 3 li ml� mm A u=
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holplqdwh { lq wkh uljkw vlgh/ zh rewdlq d uhfxuuhqfh uhodwlrq ri rughu irxu
vdwlv�hg e| wkh sro|qrpldov iS6+{,j"6'f1 Wkh uhlwhudwlrq ri wklv surfhvv
+u � 4, wlphv jlyhv ulvh wr wkh iroorzlqj uhfxuuhqfh uhodwlrq=

{oS6+{, @
o[

�'t�TE36c3o�

�
Eo�
6 6n� S6n�+{,> p � 3= +915,

Wkh dfwlrq ri wkh surmhfwlrq rshudwruv
T

d?c&o rq erwk vlghv ri +915,> zlwk
q @ u> jlyhv xv/ e| wkh yluwxh ri wkh wkhruhp LLL04 lq ^5`/ d +5q . 4,0whup
uhfxuuhqfh uhodwlrq vdwlv�hg e| wkh idplo| iTd?c&o S6+{,j"6'f/ wkdw lv

{?
\

d?c&o
S6+{, @

o[
�'t�TE36c3o�

�
E?�
6 6n�

\
d?c&o

S6n�+{,> p � 3= +916,

Ohw xv qrwh wkdw/ hyhq wkrxjk lq wkh ehjlqqlqj ri wklv vhfwlrq zh kdyh
phqwlrqhg %ruwkrjrqdo sro|qrpldov%/ wkh uhvxow rewdlqhg iroorzv rqo| iurp
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6 j6M1 vdwlvi| wkh vhyhq0whup uhfxuuhqfh uh0
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Uhfdoo wkdw wkh Odjxhuuh sro|qrpldov vdwlvi| wkh iroorzlqj gl�huhqwldo htxd0
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Xvlqj wkh ghfrpsrvlwlrq ri wkh gl�huhqwldo rshudwru O zh hvwdeolvk lq ^7`
wkh iroorzlqj 5q0wk rughu gl�huhqwldo htxdwlrq vdwlv�hg e| wkh frpsrqhqwv

O
Ekc?c&�
6 / wkdw lv/

++{G . �� 4,?G
? � +{G �p,?,O

Ekc?c&�
6 +{, @ 3> +:14,

zklfk/ iru q @ 5/ uhgxfhv wr

+{2Ge . 5+�. 5,{G� .
�
+�. 4,+�. 5, . {2

�
G2.

.5+p� 4,{G �p+p� 4,,O
Ekc2c&�
6 +{, @ 3=
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Wkh Odjxhuuh sro|qrpldov vdwlvi| d odujh qxpehu ri xvhixo vxppdwlrq dqg
pxowlsolfdwlrq irupxodv lqfoxglqj +fi1^44`/ s14<5 Ht1+74,,
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+fi1^43`/ s1489 Ht1+8,,/ zkhuh �r+{�> ===> {o, lv d fhuwdlq k|shujhrphwulf sro|0
qrpldo lq u yduldeohv1

OEk�
6 +{|, @

6[
,'f

�
p. �
p� o

�
|,Oq

, +{, 2I�

� �p. o � . o . 4
�. o . 4

> |

�
+;17,

++fi1^54`/ s19; ru ^56`/ s1996 Ht1+717,,1

Iurp wkhvh irupxodv fruuhvsrqglqj rqhv iru O
Ekc?c&�
6 fdq eh rewdlqhg e|

vlpsoh pdqlsxodwlrqv/ lqghhg/ li zh pxowlso| wkh yduldeohv lqyroyhg lq +;14,
dqg +;16, e| } dqg wkhq zh dsso| wkh surmhfwlrq rshudwruv

T
d?c&o wr wkh wzr
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phpehuv> ylhzhg dv ixqfwlrqv ri wkh yduldeoh }> ri hdfk lghqwlw| rewdlqhg/
zh vwdwh> e| wkh yluwxh ri wkh surshuw| +LL07, lq ^5`> wkh iroorzlqj irupxodv
zkhq } @ 4=
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Dovr/ d phuh phfkdqlfdo dssolfdwlrq ri wkh surmhfwlrq rshudwruv
T
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+;1;,
\hw/ dqrwkhu �qlwh vxp fdq eh ghgxfhg iurp +;14, e| wkh yluwxh ri wkh
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dqg wkh vhfrqg rqh lv d frqvhtxhqfh ri wkh q0wk rughu flufxodqw ghwhuplqdqw
+YL06, lq ^5`/
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Wkh frh�flhqwv ri wklv q0wk rughu ghwhuplqdqw duh sro|qrpldov zklfk gh0
juhhv duh ohvv wkdq ru htxdo wr p/ vr/ iroorzlqj Sdurgl +fi1^4:`/ s148; Ht1+YL0
;,,/ zh fdq h{suhvv +;144, xqghu wkh irup
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zkhuh P lv d qp�qp0pdwul{ zklfk frh�flhqwv duh frpsoh{ qxpehuv gh0

gxfhg iurp wkh frh�flhqwv ri wkh sro|qrpldo O
Ek�
6 dqg Lo ghvljqdwhv wkh

u � u lghqwlw| pdwul{1
Qrwlfh/ dovr/ wkdw wkh q0wk rughu ghwhuplqdqw lq +;144, fdq eh h{suhvvhg e|
dqrwkhu zd| xvlqj +;16,1

b �L?�ihti Lu |�i 6�ht| �L4TL?i?|

Lq wklv vhfwlrq/ zh qhhg hvshfldoo| wkh iroorzlqj gh�qlwlrqv=

Gh�qlwlrq 4= +fi1Grxdn0Pdurql ^<`/ s1;6,
D sro|qrpldo vhtxhqfh iS6j6M1 lv fdoohg q0v|pphwulf li lw ixo�ov iru doo
p 5 Q/

� ghjS6 @ p>
�S6+$?{, @ $6

? S6+{,=

Gh�qlwlrq 5= +fi1Erdv0Exfn ^9`/ s14;,
D sro|qrpldo vhtxhqfh iS6j6M1 kdv d Euhqnh uhsuhvhqwdwlrq li lw lv jhq0
hudwhg e| wkh irupdo uhodwlrq=

D+w,F+{w, @
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6'f
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Uhihuhqfhv

41 Deudprzlw}/P1 dqg Vwhjxq/L1D1 Kdqgerrn ri Pdwkhpdwlfdo Ixqfwlrqv1 Qd0
wlrqdo Exuhdx ri Vwdqgdugv/ Zdvklqjwrq/G1F1 4<9711

51 Ehq Fkhlnk/ \1 Ghfrpsrvlwlrq ri vrph frpsoh{ ixqfwlrqv zlwk uhvshfw wr wkh
f|folf jurxs ri rughu q1 Suhsulqw/ Idfxow�h ghv Vflhqfhv gh Prqdvwlu/ Wxqlvld
4<<:1

61 Ehq Fkhlnk/ \1 Ghfrpsrvlwlrq ri Ehvvho ixqfwlrqv zlwk uhvshfw wr wkh f|folf
jurxs ri rughu q1 Suhsulqw/ Idfxow�h ghv Vflhqfhv gh Prqdvwlu/ Wxqlvld 4<<:1

71 Ehq Fkhlnk/ \1 Gl�huhqwldo Htxdwlrqv vdwlv�hg e| wkh frpsrqhqwv zlwk uh0
vshfw wr wkh f|folf jurxs ri rughu q ri vrph vshfldo ixqfwlrqv1 Suhsulqw/
Idfxow�h ghv Vflhqfhv gh Prqdvwlu/ Wxqlvld 4<<:1

81 Ehq Fkhlnk/ \1 Ghfrpsrvlwlrq ri Erdv0Exfn sro|qrpldov zlwk uhvshfw wr wkh
f|folf jurxs ri rughu q1 Suhsulqw/ Idfxow�h ghv Vflhqfhv gh Prqdvwlu/ Wxqlvld
4<<:1

91 Erdv/U1S1Mu1 dqg Exfn/U1F1 Sro|qrpldo H{sdqvlrqv ri Dqdo|wlf Ixqfwlrqv1
Vhfrqg hglwlrq1 Vsulqjhu0Yhuodj1Ehuolq/ J�rwwlqjhq1Khlghoehuj 4<971

:1 Eudipdq/I1 Vrph jhqhudwlqj Ixqfwlrqv ri Odjxhuuh dqg Khuplwh sro|qrpl0
dov1 Fdqdg1M1Pdwk1< +4<8:, ss1 4;304;:1

;1 Ghohuxh/ S1 Vxu oh fdofxo v|peroltxh �dq yduldeohv hw ohv ixqfwlrqv k|shu0
ehvv�hoohqqhv1 Dqqdohv Vrf1 Vfl1 Eux{hoohv19: +4<86,161 ss1 55<05:71

<1 Grxdn/N1 hw Pdurql/S1 Ohv sro|qarphv ruwkrjrqdx{ %fodvvltxhv% gh glphq0
vlrq ghx{1 Dqdo|vlv 45 +4<<5, ss1 :4043:1

431 Hug�ho|l/D1Rq vrph h{sdqvlrqv lq Odjxhuuh sro|qrpldov1 M1Orqgrq Pdwk1Vrf1
46 +4<6;, ss1 48704891

441 Hug�ho|l/D1 Pdjqxv/Z1 Rehukhwwlqjhu/ I1 dqg Wulfrpl/I1J1 Kljkhu wudqvfhq0
gdo ixqfwlrqlv 1 Yro1LL1 Pf Judz0Kloo Qhz0\run Wrurqwr Orqgrq 4<861

451 Hug�ho|l/D1 Pdjqxv/Z1 Rehukhwwlqjhu/I1 dqg Wulfrpl/I1J1 Kljkhu wudqvfhq0
gdo ixqfwlrqv1 Yro1LLL1 Pf Judz0Kloo Qhz0\run Wrurqwr Orqgrq 4<881

461 Kx�/Z1Q1 dqg Udlqylooh/H1G1 Rq wkh Vkh�hu D0w|sh ri sro|qrpldov jhqhu0
dwhg e| � +w, i +{w,1 Surf1Dphu1Pdwk1Vrf16 +4<85, ss1 5<905<<1

471 Nrvko|dnry Q1V1 Rq Vrqlqh*v sroxqrpldov1 Phvvhqjhu ri Pdwkhpdwlfv/88
+4<59, ss1485047931

481 Ohehghy/ Q1Q1Vshfldo Ixqfwlrqv dqg wkhlu Dssolfdwlrqv1 +Wudqvodwhg iurp
wkh Uxvvldq dqg hglwhg e| U1D1Vloyhupdq, Gryhu sxeolfdwlrqv/ LQF1 Qhz0
\run 4<:51
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491 Rvohu/ W1M1 Dq Lghqwlw| iru Vxpsoli|lqj Fhuwdlq Jhqhudol}hg K|shujhrphwulf
ixqfwlrqv1 Pdwk1 ri Frps1 Yro15< q3464 +4<:8, ss1;;;0;<61

4:1 Sdurgl/ P1 Od orfdolvdwlrq ghv fdudfw�hulvwltxhv ghv pdwulfhv hw vhv dssolfd0
wlrqv1 Jdxwkhu0Ylooduv1 Sdulv 4<8<1

4;1 Udlqylooh/ H1G1 Vshfldo Ixqfwlrqv1 Pdfploodq frpshjq| Qhz0|run1 4<931

4<1 Ulffl/ S1H1 Oh ixq}lrql svhxgr0lshuerolfkh h svhxgr0wuljrqrphwulfkh1 Sxeo10
Lvwhw1 Pdw1 Dsso1 Idf1 Lqju1Vwxg1 Urpd txdghuqr q345 +4<:;, ss15:07<1

531 Vulydvwdyd/ K1P1 D qrwh rq fhuwdlqirupxodv lqyroylqj k|shujhrphwulf ixqf0
wlrqv1 Jodvqln Pdw1 Vhu1LLL 7 +57, +4<9<, ss1 53405381

541 Vulydvwdyd/ K1P1 D Pxowlsolfdwlrq irupxod dvvrfldwhg zlwk Odxulfhood*v k|0
shujhrphwulf irwpxod ID1 Exoo1 Vrf1 Pdwk Ju�hfh +Q1V, 44 +4<:3, ss1 990:31

551 Vulydvwdyd/ K1P1 Rq t0jhqhudwlqj ixqfwlrqv dqg fhuwdlq irupxodv ri Gdylg
]hlwolq1 Loolqrlv M1 Pdwk1 48 +4<:4, ss1 970:51

561 Vulydvwdyd/ K1P1 Vxu txhotxhv irupxohv gh pxowlsolfdwlrq frqfhuqdqw ohv
sro|qarphv k|shuj�hrp�hwultxhv j�hq�hudolv�hv1 F1U1D1V1 Sdulv 5:5 +4<:<, ss1
99409971

571 Vulydvwdyd/ K1P1 D qrwhrq fhuwdlq jhqhudol}hg k|shujhrphwulf vhulhv1 Qhgho1
Dodg1 Zhwhqvfk1Surf1 Vhu1D ;5@Lqgdj1Pdwk1 74 +4<:<, ss1 4<405341

581 Vulydvwdyd/ K1P1 dqg Exvfkpdq/ U1J1 Vrph sro|qrpldov gh�qhg e| jhqhu0
dwlqj uhodwlrqv1 Wudqv1 Dphu1 Pdwk1 Vrf1 538 +4<:8, ss1 69306:31

591 V}hj�r/ J1 Ruwkrjrqdo Sro|qrpldov1 Irxuwk hg1 +Dphu1 Pdwk1 Vrf1 Frllrt10
Sxeo1 56, Dphu1 Pdwk1 Vrf1 Surylghqfh/ Ukrgh Lvodqg 4<:81
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